219

15

Some Statistical Properties of LF and VLF
Propagation

D.W. ALLAN, J.A. BARNES
National Bureau of Standards, Boulder, Colorado, U.S.A.

Summary

A statistical analysis has been conducted on the day-time phase fluctuations of the
standard frequency and time Radio Stations WWVB (60 kHz) and WWVL (20 kHz) as
received at Palo Alto, California, and of WWVB as received at the National Res-
earch Council, Ottawa, Canada. The analysis technique allows a meaningful
determination of the low frequency spectral density, of the variance of the phase
and frequency fluctuations, and of some cross-correlations. The analysis tech-
niques used are appropriate for commonly encountered non-stationary as well as
stationary noise processes.

The results of the analysis yielded a spectral density of the time fluctuations prop-
ortional to the reciprocal spectral frequency (St (w) =I%I , flicker noise) for the

propagation noise on both WWVL and WWVB, The value of h was equal to 7.9 x
10-14 52 for WWVL and 2.2 x 10-14 s2 for WWVB for the Palo Alto path, and h
was 4.4 x 10-14 52 for WWVB over the Ottawa path. For flicker noise phase
modulation a good model of the standard deviation of the fractional frequency fluc-
tuations is: o = k]-r ]'1, where T is the sample time in days. The values of k
were 2.4 x 10-11 days for WWVL and 1.2 x 10-11 days for WWVB over the Palo
Alto path and 1.8 x 10~11 days for WWVB over the Ottawa path.

A cross-correlation coefficient of -0.6 was found between WWVL and WWVB for

the Palo Alto path. A linear combination of the two transmissions improved the
flicker noise level by a factor of 11.5 over WWVL and by a factor of 2.7 over
WWVB, allowing a precision of frequency measurement of 1 x 1012 for a nine day
average any time of the year and of 1 x 10-12 for a five day average over the summ-
er months.

Introduction

The phase fluctuations introduced along a propagation path may be classified into
two types. First there are the deterministic or predictable types of fluctuation
such as the diurnal, seasonal, and tidal variations. Second there are the random
and non-predictable fluctuations that remain after all known perturbations are re-
moved. The deterministic type of fluctuations has been studied by others and much
understanding has been given.  The authors will treat some aspects of the non-
deterministic propagation fluctuations with the intent of reducing the effect of the
propagation phase fluctuations to a minimum.

The second scction will review some uscful statistical techniques. Application of
these techniques in section three yields the spectral density of the phase and freg-
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uency fluctuations for the random propagation fluctuations.  Also, the cross-corre-
lation coefficient for two diffcrent frequencics along the same propagation path is
calculated. Because the cross-correlation coefficient is negative, a combined
statistical weighting of the observations at the two transmission frequencies glves a
significant reduction of the effect of the random perturbing effects along the propa-
gation path.

Statistical Analysis Techniques

Consider the phase fluctuations along a propagation path, assuming all the deter-
ministic variations have been removed. These random fluctuations have a spectral
density, S, (w), where w is the Fourier frequency. The authors have found that a
good mode‘{ for many long term random processes is:

8 fu) = (2x£)2h| wle, (Eq. 15-1)

where f is the carrier frequency. If o = - 1, then the total power is infinite unless
there is an upper frequency cutoff, w. Every electronic system has a cutoff
frequency either by limitation or by design; for example, the bandwidth of a VLF
receiver. So if the spectral density lies in the above range, no divergence diffic-
ulties arise from the high frequency end of the spectrum. This is the case for
white noise phase modulation, Sw(“‘) = (27f)2h ‘w|°. if, however, a < - 1, the
total power is infinitc unless there is a low frequency cutoff, w; . A very common
noise in the laboratory is flicker noise with @ = - 1. Flicker noise has been ob-
served on the outputs of a multitude of devices (1) but the low {requency cutoff has
seldom, if ever, been observed. Data have been obtained with a flicker noise spec-
trum having frequency components as low as one cycle per century (2) and contin-
uing. Obviously, any measurement parameter depending on «;, would be essent-
ially useless.

Any random process with @ < - 1 is also non-stationary. The process has no
time-average mean value, and the variance of the fluctuations over the whole data
length tends to infinity as the data length increases without limit (3). If, for ex-
ample, the phase deviations over some transmitter’s propagatxon path had a spec-
tral density given by:

5, (@) = (2n0)2hlw]-1, (Eq. 15-2)

then the phase deviations would be unbounded and would not average around a mean
value as time continued indefinitely.

Typically it is more convenient to analyze the phase fluctuations in the time domain
as this is how the data are taken. A useful measure in the time domain has been
shown to be the expectation value of the variance for a finite number, N, of data
samples (4). In general the variance depends upon four variables: N, T, 7, and
wy , where T is the time between the start of each sample and 7 is the sample
duration and does not depend upon w, . If the ratio T/7 is held constant along with
N and «'y , and the variance may be written:

COZ(N.T.7,wy)>=al 7|*, (Eq.15-3)

then the spectral density is given by Eq.15.1 with the mapping of 1 into @ shown in
figure 15-1. Also {Tu-u ! is assumed to be much greater than unity,

The dependence of o2(N, T, 7, wy > on N is a useful measure of the noise type
(4). The ratio of <a2(N, T. 1, wy > to <o2(2, T, T, wy )> is shown in figure 15-
2 as a function of the number of samples, N. and for various pertinent values of p.
For u >0 (o - - 1) this ratio tends to infinity as N approaches infinity, showing
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again the non-stationary behavior of these types of noise. A relationship exists
between the coefficients 'a' and 'h' so that the level as well as the type of noise may
be determined (4) (5).

Satistical Properties of LF and VLF Propagation

In considering the fluctuations on a transmitted signal induced by the {onosphcere or
some other mechanism in the propagation media, it is convenient to divide these
fluctuations into their deterministic and random components. However, as will be
shown later in the text, the random fluctuations may contain deterministic compon-
ents that perhaps are resolvable only with careful analysis. The diurnal fluctuat-
ions on the phase of a radio signal are a very obvious deterministic process as
shown in figure 15-3. Each section of the figure is the average of the daily fluctua-
tions, taken over a month's time (6). One observes that there are also seasonal
varjations, which in detail exhibit an annual and semi-annual periodicity (6). Lunar
tidal variations in the ionosphere have also been cbserved to affect the phase of VLF
signals (7). Very little is known about the longer term phase stability and its corr-
elation with other geophysical phenomena because of insufficient data.

Spectral Density of LF and VLF Propagation Fluctuations

Two propagation paths are considered as shown in figure 15-4. The perturbing
effect due to the diurnal fluctuations was significantly reduced by sampling the phase
for a few minutes at the same time each day. The phases of the WWVL and WWVB
transmitters are synchronized with the time scale at the National Bureau of San-
dards in Boulder, Colorado. This time scale is derived from a cesium beam freq-
uency standard. Mr. Phil Hand of the Hewlett-Packard Company took the phase
data at Palo Alto for both WWVL and WWVB with reference to a cesium beam freq-
uency standard at their laboratory. The data analyzed covered the period from 16
June 1966 to 28 February 1967, 258 days. Dr. Allan Mungall of the National Re-
search Council at Ottawa, Canada, provided the frequency data analyzed for the
Ottawa path for WWVB as it was taken with respect to their cesium beam frequency
standard. These data covered the period from 21 October 1965 to 31 March 1967,
518 days. :

WWVL is a dual frequency transmitter operating at 20 kHz and 19.9 kHz; only the
20 kHz signal was analyzed. WWVB transmits a 60 kHz frequency. The distances
from Fort Collins, Colorado, to Palo Alto, California, and to Ottawa, Canada, are
960 miles (1540 km) and 1500 miles (2430 km), respectively.

Define ¢ as the fractional phase fluctuation of a signal. The phase fluctuations
analyzed are composed of the following components:

@ (measured) = ¢ (propagation) + ¢ (cesium)
+ @ Q(ransmitter) + ¢ (receiver) {Eq.154)
+ ¢ (residual)

Assuming that there is no correlation between any of the components, the variance
of the fractional phase fluctuations may be written:

<c¢-2(N, ‘r)>=<a¢p 2N, T)> +<o¢c2(N, > +<a¢t2(N, T)>

2(N, 2(N, 7)>. (Eq.15-3)
+<o¢ ( ‘r)>+<0¢" (

re



223

NPM (19 8 kHz, OAHU, HAWAII) TO BOULDER COLORADO
AVERAGE PHASE FOR JANUARY-MARCH AND OCTOBER-DECEMBER 1962

DEGREES STANDARD
OF PHASE DEVIATION
RETARDATION OF PHASE
500 T 1 T T 1 \J T T T 1 1 500 T ssl ] T ¥ 1 1 T 1 1

SS SR SR
¢ J |SS [
400 iSS 400
JAN (17} DEC(15) -
300 300
200 100 100
100 0 0
0 0
300F
300 NOV {24)
200 100 1100
100 0 0
0 0
300 300
0CT(30)
200 00 -1100
100 0 0
O} 0 v
SR
J -t 1 1 1.1 1 i 1 1.1 | S I S | 1 it | S I G
00 04 08 12 16 20 00 00 04 08 12 16 20 00
ut Ut
~—— AVERAGE
....... QU'ET

Fig. 15-3 Examples of the diurnal phase fluctuations. Adapted
from A.H. Brady (see reference 4)
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The variance in equation 15-5is written with the assumption that wy, of the system
bandwidth,is constant and the dead time between measurements is proportional to

7, i.e., T/7is a constant. For N =2 and 7 = 1 day the square root of the vari-
ance for cesium and the transmitters is 0.1 microseconds or less. The phase
noise in the receivers varies from one unit to the next, but this contribution along
with the residual phase noise is assumed to be negligible with respect to the propa-
gation fluctuations on a day to day basis. Hence, one may write the following equa-
tion:

<0,2(2, TI>> <022, TP, (Eq.15-6)
where 7 is a few days.

A plot of the square root of the variance of the fractional phase fluctuations for N =
2 is shown in figure 15-5. WWVL exhibits flicker of phase noise (1 =0, a = - 1)
for sample times ranging from 1 day to 64 days and at a level of about 1 microsecond
over the Palo Alto path., WWVB exhibits flicker of phase noise on both the Palo
Alto and Ottawa paths and at a level of about 0.5 microseconds and 0.9 microsec-
onds, respectively. A random walk of phase noise (=1, a = - 2) predominates
for the Ottawa path for sample times in excess of four days. This is the same

type of noise one sees on the phase fluctuations of a cesium beam frequency stand-
ard, but for the cesium beam the level is typically less than one-tenth of that ob-
served. This type of noise may be caused by making daily frequency measure-
ments with a random uncertainty of 5 x 10-12, If this were the case, the effect
could be eliminated by making phase measurements. The Palo Alto path for WWVB
also seems to exhibit random walk of phase noise for sample times longer than

eight days, but the confidence limits on the data points preclude a definite determi-
nation of this effect.

If the spectral density of the phase fluctuations is flicker noise as given by equation
15-2, then the variance of the frequency fluctuations may be written (4):

<o (N, T)> _ 4h(N+1)
(2% 1)2 N72

InN
[2+ In(twy) - m] (Eq.15-7)

Using equation 15-7 gives the following values of h:
h = 4.36x 10-11 52, WWVB to Ottawa;
h = 2,25x 10-14 s2, WWVB to Palo Alto;
and h = 7.92x 10-14 52, WWVL to Palo Alto.

For flicker noise (equation 15-2)the variance of the phase fluctuations may be written:

<o (N, 7)>
e T . AN, N, ifT=r. (Eq.15-8)
(25 1)2 N-1

Obviously this diverges with N increasing, but the divergence is mild being logarith-
mic. I for example the square root of the variance were 1 microsecond for N = 2,
and 7 =1 day, then for N = 365 (N7 = 1 year), the expectation value of the square
root of the variance would be only about 3 microseconds. Even though the effect of
flicker noise precludes maintaining perfect time synchronization by tracking the
phase of an LF or VLF signal, therate of divergence may be negligible for most
applications. Using portable clocks does not entirely solve the problem of synchro-
nizing a remote clock to a master clock because it has been shown that the spectral
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density of phase fluctyations for most frequency standards involved (sec Appendix)
is proportional to wT':’ (flicker of frequency noise). Though this noise is more

divergent! the level is sufficiently low to provide better synchronization with portable
clocks for times less than a few months.

Cross-correlation of LF and VLF Propagation Fluctuations

Since both WWVL and WWVB were received over the Palo Alto path it was possible
to use the following equation:

¢n (60 kHz) - ¢, (20 kHz) ~ ¢p (60 kHz) - ¢p (20 kHz), (Eq.15-9)
neglecting transmitter, receiver, and residual noise. Define the phases of the two

transmitter frequencies as x and y for the 20 kHz and 60 kHz respectively. Taking
the variance of the measured phase deviations gives:

<02(x_y)-(N,r)> = <02",,(N’ T)> + <02"p(N’ T)> - 2< az(xy,p(N, T)>,

(Eq.15-10)
Define the cross-correlation coefficient as:
< oz(xy)p (N, 7)>
ny(N»T)E - ' (Eq.15-11)
Koz, N, 7)>+ <02, (v, 1)>]
p p

Combining equations 15-10 and 11 allows a determination of C, (N, 7). For N= 2
and 7 = 1 day, ny was equal to -0. 58 £ 0.2. The implication from this very
significant cross-correlation coefficient is that an apparent perturbing mechanism
in the propagation medium affects both transmission frequencies, but the phase
deviations are in opposite directions. One may assume therefore that an appro-
priate linear combination of the two received signals will significantly reduce the
effect of this perturbing mechanism.

Define 6 as true phase, and € and § as the fluctuations so that one may write:

x=8 +¢€
(Eq.15-12)
and y=0 +8
Let W be the linear combination of x and y such that:
W=2ax+(1-2)y. (Eq.15-13)

Taking the variance of W and minimizing it with respect to A and the use of
equations 15-10 and 12 yields an optimum value of A given by:

<02, _ (N, 7)>+< 02 (N,7)> - <02, (N, 7)>
2<0%,_ (N, 7)>

X = (Eq.15-14)
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The following is a list of lambdas for N = 2 and various values of 7:

T (days) A
1 0.28
2 0,31
4 0.25
8 0.23
16 0.36

Figure 15-6 shows a plot of the square root of the variance of the {ractional frequen-
cy fluctuations as derived from the phase for the 20 kHz signal, the 60 kHz signal
and for a weighted combination (A = 0.3). Figure 15-7 is a plot of the frequency
fluctuations. The weighted combination is 1.6 times better than WWVB and 3. 4
times better than WWVL. The square root of the variance for the weighted com-
bination tends toward zero slope at about 4 x 10-13 - the flicker noise frequency
modulation level of the cesium beam frequency standards involved in the experi~
ment.

The phase fluctuations are noticeably smaller prior to November 1966. The data
were divided into two groups, one prior to 1 November 1966 and one after. The
first group gave C,, (2, 1 day) = +0.20 £ 0,2 and the second, -0.65 £+0.2. The
weighting factors, A", were 0.27 and 0.28, respectively. During the first part of
the data the weighted combination was 10 percent better than the 60 kHz and 44 per-
cent better during the last part., For the first part of the data the weighted com-
bination gave a precision of fractional frequency determination of 1 x 10-12 for a
five day sample time.

Canclusion

For two LF transmission paths and one VLF transmission path on the North Ameri-
can continent the spectral density of the phase fluctuations was determined to be
proportional to the inverse spectral frequency (licker noise, 8, = h/ | w l). The
spectral range covered was from one cycle per day to one cycle per two months,
The value of h was about 4 times larger for the 20 kHz signal than the 60 kHz signal
over the Fort Collins to Palo Alto path. Because the propagation fluctuations have
a flicker noise spectrum, the square root of the variance of the time fluctuations
may be written:

<o, 7>} = b, M| 7]°. (Eq.15-15)

The value of b, 2) for WWVB over a 1540 km path and a 2430 km path was 0.5
microsecond and 0.9 microsecond respectively and the value for WWVL over a
1540 km path was 1.0 microsecond.

A non-zero cross-correlation coefficient was determined between WWVL and WWVB,
Using a weighted combination of the two transmissions improved the apparent level
of flicker of phase noise by a factor of 2. 7over WWVB and 11. 4 over WWVL. The
coefficient changed from positive to negative from summer to winter implying the
introduction of another perturbation mechanism such as a change in the charge den-
sity in the ground-ionosphere propagation waveguide, or perhaps an actual change

in the waveguide propagation mode of at lecast one of the transmission frequencies.

Though the data analyzed are only'one sample the confidence in the non-zero cross-
correlation coefficient is based on the following: first, the value of the coefficient
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was the same over the spectral frequencies considered: sccond, personnel moni-
toring these two transmissions have observed visually a negative cross-correlation

for other years; third, Dr. Sigirido Leschiutta of the National Electrolechnical
Institute at Torino, Haly has reported visual observation of a negative cross-
correlation coefficient between GBZ (19,6 kHz) and MSF (60 kHz): and lourth, an
increase in the phase fluctuations has oecurred for every winter that WWVL and

WWVDB have been operational (11).

The introduction of flicker noise on the phase of a transmission along its propaga-
tion path causes a mild time divergence between the transmitter and the receiver.
This divergence is of the order of 3 microseconds after a yvear for the Palo Alto path
on the 20 kHz signal.

Appendix

Flicker noise frequency modulation has been measured by the authors on the fre-
quency fluctuations of quartz crystal oscillators, rubidium gas cell frequency
standards, cesium beam frequency standards. and on both hydrogen and ammonia
maser {requency standards. The respective levels of the square root of the
variance of the fractional frequency fluctuations for N= 2 are 5 x 10713,

7 x 10713, 3 x 10713 1 x 10-11, and 1 x 10712 for some of the best standards
measured. The range of the spectral frequency extends from 30 Hz to frequencies
as low as one cycle per year for quartz crystal oscillators with intermediate ranges
for the other frequency standards (4). (8). (9). (10). The rms time divergence of
an oscillator clock system having a flicker noise frequency modulation spectral
density is proportional to 7. A typical cesium beam, for example. would have an
expecled time divergence of the order of about 5 microseconds after one year (3),

(4). '
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