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Simulating Dynamical Phases of Chiral p + ip Superconductors with a Trapped
ion Magnet
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Two-dimensional p + ip superconductors and superfluids are systems that feature chiral behavior
emerging from the Cooper pairing of electrons or neutral fermionic atoms with nonzero angular momen-
tum. Their realization has been a longstanding goal because they offer great potential utility for quantum
computation and memory. However, they have so far eluded experimental observation both in solid-state
systems as well as in ultracold quantum gases. Here, we propose to leverage the tremendous control offered
by rotating two-dimensional trapped-ion crystals in a Penning trap to simulate the dynamical phases
of two-dimensional p + ip superfluids. This is accomplished by mapping the presence or absence of a
Cooper pair into an effective spin-1/2 system encoded in the ions’ electronic levels. We show how to infer
the topological properties of the dynamical phases, and discuss the role of beyond mean-field corrections.
More broadly, our work opens the door to use trapped-ion systems to explore exotic models of topological
superconductivity and also paves the way to generate and manipulate skyrmionic spin textures in these
platforms.
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I. INTRODUCTION

The observation and classification of dynamical behav-
iors in quantum many-body systems constitute a core
milestone in quantum science. One fascinating and promis-
ing paradigm comprises the dynamical phases predicted
to emerge from quenches of superconductors and super-
fluids [1–3], systems that feature Cooper pairing of
electrons or neutral fermionic atoms. In particular, topo-
logical p + ip Bardeen-Cooper-Schrieffer (BCS) super-
conductors (in charged electrons) or superfluids (in neutral
atoms)—systems that feature nontrivial topological prop-
erties [4] and gapless, chiral edge states that circulate
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around the boundary—are especially exciting given their
potential use for topological quantum computation.

Despite intensive theoretical efforts, p + ip superfluids
have eluded experimental observation, with the only con-
firmed realization being the A phase of 3He, which ironi-
cally is one of the oldest-known superfluids but is also hard
to control and manipulate. The realization of p + ip super-
fluids in ultracold fermionic quantum gases, which are
currently the leading platform for quantum simulation of
correlated matter, has also proved to be difficult. The rea-
son is that, in spite of all the attractive features of ultracold
quantum gases, the control and manipulation of p-wave
interactions in these systems has remained a challenge
since p-wave interactions are weak under standard condi-
tions and require Feshbach resonances to enhance them.
The latter unfortunately introduce strong three-body pro-
cesses that make the gas unstable and destroy the desired
pairing processes [5–8], although schemes circumventing
this problem have been proposed [9–11]. Theory proposals
have also suggested the observation of topological super-
fluids by suddenly bringing weakly interacting atoms close
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to a Feshbach resonance [12], but to date experimental
efforts remain unsuccessful.

In the present work, we propose a pathway towards the
observation of nonequilibrium dynamical phases of topo-
logical p + ip superfluids by using a two-dimensional (2D)
crystal of ions in a Penning trap. This platform offers a
high degree of control and flexibility in state initialization,
interaction control, and readout that have been previously
leveraged for the sensing of weak electric fields and for
the simulation of quantum magnets [13,14]. In this sys-
tem, we propose to encode a spin-1/2 degree of freedom in
two electronic states of the ions, which, via the Anderson
pseudospin mapping [15], are used to simulate the pres-
ence or the absence of a Cooper pair. A crucial advantage
of this approach is that the fermionic degrees of freedom
are encoded in a synthetic internal dimension (electronic
levels) that can be cooled down to a zero temperature,
pure state via optical pumping. This is in striking con-
trast to actual fermionic systems where motional degrees
of freedom are hard to cool down.

Our proposal takes advantage of the fact that the ion
crystal in a Penning trap is rotating in the lab frame [16].
This feature has never before been exploited in the context
of quantum simulation and, in fact, it is often viewed as
an impediment, e.g., to perform single site addressing. We
show that by tuning the orientation and parameters of the
laser beams that are typically used to couple the electronic
and motional degrees of freedom of the crystal, we can
engineer controllable effective interactions that simulate
the Hamiltonian of a p + ip superfluid. Tuning the laser
parameters also allows us to (i) prepare initial states that
resemble the low-energy conditions of a p-wave super-
fluid, (ii) control the relative strength between the kinetic
energy and pairing interaction terms in order to observe
the three different mean-field dynamical phases predicted
to exist in p + ip superfluids [4], and (iii) measure a super-
conducting order parameter for classifying the dynamical
phases. Moreover, since state-of-the-art ion crystals are
not in the thermodynamic limit but are instead limited to
� 500 ions, they naturally open a path to explore mod-
ifications to the nonequilibrium dynamics arising from
beyond-mean-field effects.

A key appeal of p + ip superfluids compared to ordi-
nary superfluids is the possibility of featuring states with
nontrivial topological order. In an ordinary superfluid or
superconductor, the BCS and the BEC (Bose Einstein con-
densate) regimes—which respectively favor weakly bound
Cooper pairs and a Bose-Einstein condensate of tightly
bound molecules made of two fermions—are continuously
connected and are only distinguished by the strength of
the pairing. In contrast, the two regimes exhibit different
topological behaviors in 2D p + ip superfluids, with a gen-
uine quantum phase transition separating the topologically
nontrivial BCS phase from the topologically trivial BEC
phase in the equilibrium situation. This feature extends into

the nonequilibrium regime, where the dynamical phases
exhibit a dynamical topological quantum phase transition
[4]. Here, we show how to engineer both topologically
trivial and nontrivial dynamical phases in our system and
demonstrate how their topological character can be distin-
guished by inferring an appropriate winding number and
additionally confirmed by measurements of the effective
Cooper pair distribution function.

II. TWO-DIMENSIONAL p + ip SUPERFLUIDS

We consider identical fermions in two dimensions,
for which the Pauli exclusion principle forbids scatter-
ing in the s-wave channel. As a result, the next higher
angular momentum channel, namely p-wave scattering
(l = 1), dominates with l > 1 channels being negligible
at low energies. The angular dependence of two-body
p-wave interactions in two dimensions is Pl=1(cos ξ) =
cos ξ , where the Pl(x) are Legendre polynomials and ξ is
the angle between the two-dimensional fermion momenta
before (q) and after (p) collision in the center-of-mass
frame. Furthermore, for a generic short-range potential,
the interaction in the lth channel depends on the magni-
tude of the momenta on long scales as plql, where p and
q are the magnitudes of p and q. The above consider-
ations imply that the simplest and most natural p-wave
interactions between identical fermions in two dimen-
sions are proportional to p · q. Therefore, we arrive at the
Hamiltonian

Ĥ =
∑

p

p2

2m
ĉ†

pĉp − λ

2m

∑

k,p,q

p · qĉ†
k/2+pĉ†

k/2−pĉk/2−qĉk/2+q.

(1)

Here, m is the electron mass and ĉ†
p, ĉp are fermionic

creation and annihilation operators for a fermion with
momentum p. The first term describes the single-particle
dispersion, i.e., the kinetic energy of fermions at different
momenta p. The second term has the form of attrac-
tive BCS p-wave interactions (λ > 0, dimensionless) [17].
Here, k denotes the center-of-mass momentum of a Cooper
pair of fermions, while ±q and ±p respectively describe
the momenta of these fermions in the center-of-mass frame
before and after the collision.

In the theory of superconductivity, the low-energy
physics is determined by Cooper pairs with zero center-of-
mass momentum, which allows us to retain only the k = 0
terms in Eq. (1), resulting in

Ĥ =
∑

p

p2

2m
ĉ†

pĉp − λ

2m

∑

p,q

p · qĉ†
pĉ†

−pĉ−qĉq. (2)

This Hamiltonian assumes that Cooper pairs are only cre-
ated and destroyed with zero center-of-mass momentum
and neglects pair-breaking processes.
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Under these conditions, the low-energy physics can be
mapped on to the dynamics of a collection of interacting
spin-1/2 systems via the Anderson pseudospin mapping
[15] that introduces spin-1/2 operators at each momen-
tum p:

2ŝZ
p = ĉ†

pĉp + ĉ†
−pĉ−p − 1,

ŝ+
p =ĉ†

pĉ†
−p, ŝ−

p =ĉ−pĉp. (3)

Here, the presence or absence of a Cooper pair at momen-
tum p corresponds to the eigenstates |↑〉p , |↓〉p of ŝZ

p with
eigenvalues ±1/2, respectively, and the raising and low-
ering operators ŝ±

p describe the creation and annihilation
of this Cooper pair. In terms of the Anderson pseudospin
operators, Hamiltonian (2) can be expressed as [18]

Ĥ =
∑

p

p2

m
ŝZ

p − 2λ

m

∑

p,q

p · qŝ+
p ŝ−

q . (4)

Equation (4) describes an all-to-all interacting spin model.
We note that although fermions interact via short-ranged
interactions in real space, this spin model describes the
p-wave interactions in momentum space, where the inter-
actions are all to all, as described by Eq. (2).

The ground state of the spin model (4) is doubly degen-
erate: it is either a px + ipy or a px − ipy superfluid. It
possesses the property that the spin orientation is corre-
lated with the azimuthal angle φp in momentum space,
giving rise to chiral spin textures as depicted in Fig. 1(a).

The ground state breaks the U(1) symmetry of Eq. (4)
as all superconductors do and in this case it also breaks
the time-reversal symmetry. A winding number Q can be
ascribed to the spin texture, based on which the state can
be classified as belonging to a topologically nontrivial BCS
phase (Q = 1) or a topologically trivial BEC phase (Q =
0). Physically, assuming that spins at large momenta are
always held fixed in |↓〉, the spin texture is topologically
nontrivial if the central spin at p = 0 is in |↑〉, whereas it
is trivial if this spin is in |↓〉.

The quench dynamics of p + ip superconductors were
theoretically studied [4] by considering a chiral variant of
the spin model (4) given by

Ĥ =
∑

p

p2

m
ŝZ

p − λ

m

∑

p,q

pqe−i(φp−φq)ŝ+
p ŝ−

q , (5)

where p and φp are the magnitude and azimuthal angle
for the 2D momentum p. This Hamiltonian breaks time-
reversal symmetry explicitly, and preferentially selects the
px − ipy over px + ipy pairing, which are degenerate in the
time-reversal-invariant Hamiltonian (4). The attractiveness
of Eq. (5) is that, unlike the full Hamiltonian (4), the
interaction is separable and belongs to the class of inte-
grable pairing models that derive from Gaudin algebra
[19], allowing for an analytical solution of the dynamical
phases. Nevertheless, both Hamiltonians possess the same
p + ip ground state and dynamical phases in the thermo-
dynamic limit [4]. In this work, we focus on the quantum
simulation of the chiral model (5).

(a) (b) (c)

FIG. 1. Probing dynamical phases of p + ip superfluids using ion crystals in Penning traps. (a) The fermionic model is mapped
on to spins encoded in the internal states of the ions, where spin up (down) represents the presence (absence) of a Cooper pair
(Anderson pseudospin mapping). Here we show representative spin textures that can be engineered for the topologically nontrivial
BCS and trivial BEC phases. (b) The dynamical phases are classified according to the long-time behavior of the magnitude of an order
parameter—phase I, |�(t)| → 0; phase II, |�(t)| → nonzero constant; phase III, |�(t)| displays persistent oscillations. (c) Schematic
of our experimental proposal. State initialization, p-wave interactions and readout are all achieved using appropriate parameters for
a pair of optical dipole force (ODF) lasers and a pair of copropagating Raman lasers. In contrast to prior implementations, the ODF
difference wave vector δk has both an out-of-plane and in-plane component (see side view). The result is a tilted traveling-wave lattice
that crosses the crystal plane slightly obliquely and thus couples the ions’ electronic degrees of freedom, the out-of-plane center-of-
mass mode, and the in-plane crystal rotation. The spin-space directions Z in panel (a) and Z in panel (c) are related by a rotation, as
discussed in Sec. III.
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In the thermodynamic limit, where mean-field theory is
exact, the dynamics can be pictured as each spin precessing
about a local magnetic field:

d
dt

〈ŝp〉 = 〈ŝp〉 × Bp. (6)

Here, 〈ŝp〉 is the expectation value of the spin vector at
momentum p and Bp is the local magnetic field with
components

BX
p = −p cos(φp)Re[�] − p sin(φp)Im[�],

BY
p = p cos(φp)Im[�] − p sin(φp)Re[�],

BZ
p = −p2

m
, (7)

written in terms of an order parameter � given by

�(t) = −2λ

m

∑

p

peiφp〈ŝ−
p (t)〉. (8)

Mean-field theory predicts the emergence of three dynami-
cal phases when the system is initialized in its ground state
and the pairing strength λ is quenched. They have been
classified according to the long-time behavior of |�(t)| as
illustrated in Fig. 1(b), where we plot a dimensionless and
normalized version of the order parameter [see Eq. (13)].
In phase I, the single-particle kinetic energy term (BZ

p)
dominates and |�(t)| → 0. In phases II and III interac-
tions instead stabilize a finite order parameter. In phase II,
|�(t)| tends to a nonzero constant value, while in phase III,
also known as a self-generated Floquet phase [1], |�(t)|
features persistent oscillations.

The topological properties of the dynamical phases are
best understood in terms of a second winding number W,
which can take on a nontrivial value of 1 in phases II and
III. Although this quantity is formally defined in terms
of retarded single-particle Green functions [4], it can be
physically interpreted in phase II as the winding of the
magnetic field texture in an appropriate rotating frame. In
the thermodynamic limit, mean-field theory predicts that
the long-time order parameter in phase II can be written as

�(t) = �∞e−2iμ∞t, (9)

where �∞ is the magnitude in the limit t → ∞ and μ∞ is a
dynamical chemical potential. In a frame rotating at 2μ∞,
the spins precess under a static effective magnetic field Bp
whose texture can be analogous to the spin texture in a p +
ip ground state. The winding number W is computed as

W = 1
4π

∫
dpxdpyB̂p ·

(
dB̂p

dpx
× dB̂p

dpy

)
, (10)

where B̂p denotes the corresponding unit vector in the
rotating frame. In particular, the Z component of Bp is

given by B
Z
p = BZ

p + 2μ∞êZ . While the spins at large
momenta p → ∞ experience a field Bp ≈ −(p2/m)êZ that
points down, the central spin at p = 0 is isolated from
the other spins and experiences an effective magnetic
field B0 = 2μ∞êZ . Therefore, the magnetic field texture is
BCS-like and topologically nontrivial (W = 1) for μ∞ > 0
(B0 pointing up) while it is BEC-like and topologically
trivial (W = 0) for μ∞ < 0 (B0 pointing down).

III. IMPLEMENTATION WITH PENNING TRAPS

We now discuss how the spin model (5) can be simulated
with ion crystals in a Penning trap, where the pseudospin-
1/2 system is encoded in two long-lived hyperfine states of
each trapped ion. In this trap, ions self-organize into a pla-
nar crystal with an approximate triangular lattice structure
under the influence of static trapping fields [20]. An elec-
tric quadrupole field E accomplishes axial trapping and
confines the ions to a single plane. The addition of a strong
axial magnetic field B leads to an E × B drift of the ions
in this plane. This rotation provides radial confinement
and the corresponding rotation frequency ωr can be pre-
cisely controlled by additional electrodes. The out-of-plane
motion of a crystal of N ions is described using N normal
modes of vibration, called the drumhead modes. The high-
est frequency drumhead mode is the center-of-mass (c.m.)
mode with frequency ω1, which is well separated from the
rest of the modes and hence can be well resolved [16].

In our modeling, the drumhead c.m. mode is treated
quantum mechanically and described by bosonic creation
and annihilation operators â†

1, â1. On the other hand, the
planar motion is dominated by the crystal rotation, and is
hence treated classically with the xj and yj coordinates of
ion j undergoing uniform circular motion at radius rj from
the trap center, with frequency ωr and azimuthal phase
offset φj .

As a first step to realize Hamiltonian (5), we engineer a
Jaynes-Cummings-type interaction between each spin and
the drumhead c.m. mode, with the coupling depending
on the planar position of the ion as viewed in the crystal
rotating frame. As we explain shortly, the Hamiltonian we
engineer is given by

Ĥ2ch =
N∑

j =1

B1r̃2
j ŝ

Z
j + δ1â†

1â1

−
N∑

j =1

G

i
√

N
r̃j (ŝ

−
j â†

1eiφj − â1ŝ
+
j e−iφj ). (11)

This Hamiltonian is written in a rotated spin space Z ≡
−X , X ≡ Z, Y ≡ Y, and ŝj denotes spin operators in
this rotated space. Here, r̃j = rj /R is the radial coordi-
nate normalized to the crystal radius R, B1 is a frequency
controlling the dispersion of the spins, δ1 is an effective
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detuning of the c.m. mode from the spins, and G is a
frequency controlling the spin-mode coupling strength. In
particular, the amplitude and phase of the coupling of spin
j to the c.m. mode respectively depend on r̃j and φj .

Equation (11) describes the Hamiltonian for the so-
called two-channel model of a p-wave superconductor.
The c.m. mode plays the role of the bosonic molecular
channel, while each ion encodes an Anderson pseudospin
in its electronic states. Here, spin up (down) indicates the
presence (absence) of a Cooper pair. While the Anderson
pseudospins live in a lattice in momentum space where the
coordinates are (px, py), the role of momentum is instead
played here by the position (xj , yj ) of each ion j in the
crystal plane. “Momentum”-dependent rates appear in the
single-particle and interaction terms through the radius rj
and the phase factors e±iφj .

Subsequently, an effective spin model can be derived in
the situation when δ1 � G, B1. Using effective Hamilto-
nian theory [21] and assuming that the c.m. mode is in the
motional ground state, we obtain the one-channel model
given by

Ĥ1ch = K
∑

j

r̃2
j ŝ

Z
j − J

N

∑

j �=k

r̃j r̃kŝ
+
j ŝ−

k e−i(φj −φk), (12)

where J = G2/δ1 and K = B1 − J/N . Equation (12) is
essentially the one-channel p-wave Hamiltonian (5) that
we wish to simulate. The ratio K/J is a measure of the
inverse interaction strength (∼1/λ) since it quantifies the
relative importance of the kinetic energy and interaction
terms.

We now briefly outline how Hamiltonian (11) can be
engineered while presenting the detailed derivation in
Appendix A. Coupling between the spins and the crystal
motion is enabled by the application of an optical dipole
force (ODF) that gives rise to spatially dependent ac Stark
shifts on the spin states [22]. The ODF is generated by
two traveling-wave lasers with difference wave vector 	k
and beatnote frequency μr. In typical applications, only
the axial motion is coupled to the spin and hence 	k ‖ êz
[13,14]. However, in this work, we consider the 	k to have
nonzero components both along the êz and êx directions
[Fig. 1(c)]. The result is a spatially varying ac Stark shift
that depends on both the in-plane and out-of-plane motions
of the ions, thereby coupling the spins to the motion along
both the directions. The spin-motion coupling strength G
in Eq. (11) can be controlled by the intensity of the ODF
beams and the effective Lamb-Dicke parameters that gov-
ern the coupling to the out-of-plane and in-plane motions,
as explained in Appendix A.

A second ingredient in our proposal consists of a pair
of copropagating Raman lasers that drives spin flips with-
out coupling to the motion. We assume that the two Raman
lasers have an identical but tunable beam waist w, leading
to an effective two-photon Rabi frequency that is radially

varying as B(r) = B0e−r2/w2
and corresponding Hamilto-

nian ĤRaman,j = B(rj )ŝX
j . For w � R, where R is the crystal

radius, we can approximate B(r) ≈ B0 − B0r2/w2.
The role of the Raman drive is twofold and becomes

apparent in the rotated spin space (see Appendix A). First,
the spatially homogeneous drive with strength B0 serves
to break the symmetry between a Jaynes-Cummings and
an anti-Jaynes-Cummings-type interaction of the spins and
the drumhead c.m. mode that arise due to the ODF. The
Jaynes-Cummings term can then be selectively brought
near resonance by tuning the ODF beatnote frequency to be
μr = B0 + ω1 + ωr − δ1, where δ1 is the effective detuning
that appears in Eq. (11). The frequency μr is tuned close to
ω1 + ωr (δ1, B0 � ω1, ωr; see Appendix B) and not sim-
ply ω1 in order to enhance the simultaneous coupling to
the c.m. mode and the planar rotation that is enabled by
the tilted ODF beams. Second, the beam waist w serves
as a control knob for tuning the single-particle dispersion,
i.e., B1 = B0R2/w2. We note that the Raman beams can
be replaced with a microwave drive that limits the tun-
ability of B1 but allows for a simpler implementation and
reduced decoherence (see Appendix B). The ability to con-
trol G, δ1 and B1 in turn enables us to tune the ratio K/J in
the one-channel model.

We present potential experimental parameters for real-
izing our proposal in Appendix B and study the adverse
impact of off-resonant terms in Appendices C and D.
Our study suggests that, in current traps, it is possible
to operate in parameter regimes where the off-resonant
terms have only a small effect. Although our study of
off-resonant terms is extensive, our analysis of their
impact is not exhaustive because of the sheer number
of such terms. Their impact and the parameter regimes
where they are negligible could potentially be explored
directly on the quantum simulator. In addition, for typ-
ical operating conditions, we estimate that decoherence
from off-resonant light scattering may limit the simulation
time (Appendix B 4). However, we note that the relative
strength of coherent interaction to decoherence can be
increased, for instance, by the choice of ion species and
transition, by enhancing coherent coupling via parametric
amplification [23] or by working at a different operat-
ing point for the optical dipole force. Nevertheless, to
demonstrate the potential of this approach, in the follow-
ing we present results obtained from numerical simulations
of Eqs. (12) and (11) and neglect the decoherence and
off-resonant terms.

A. Initialization and readout

To observe dynamical phases generated by Hamiltonian
(12), the spins must be initialized in a state possessing a
chiral spin texture with a nonzero order parameter, such
as those shown in Fig. 1(a). In the case of the trapped-ion
crystal, it is convenient to work with a normalized order
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parameter � defined as

�(t) = 2
N

N∑

j =1

r̃j eiφj 〈ŝ−
j (t)〉. (13)

For engineering interactions, the ODF beatnote frequency
μr is tuned to couple the spins, the drumhead c.m. mode,
and the planar rotation. For preparing chiral initial states,
we instead tune μr to only couple the spins to the pla-
nar rotation without involving the drumhead c.m. mode.
By additionally tuning the beam waist wODF of the ODF
lasers, both BCS- and BEC-like initial spin textures can be
prepared. The initialization Hamiltonian is of the form

Ĥinit = 
0

2

∑

j

e−r2
j /w2

ODF r̃j (ŝ
+
j e−iφj + ŝ−

j eiφj ), (14)

where 
0 is an effective drive strength. This Hamiltonian
drives single-spin rotations where the axis of rotation for
ion j depends on the azimuthal angle φj in the rotating
frame. Starting with all spins initialized in |↑〉Z , setting
wODF � R, and using a pulse area 
0T = π results in a
BCS-like spin texture [e.g., Fig. 1(a)] that can be used to
observe phases I and II. Here, we have exploited the fact
that the magnitude of the Rabi frequency increases with
the radius so that the central spin is unaffected while the
outermost spins are rotated to |↓〉Z . A BEC-like spin tex-
ture [e.g., Fig. 1(a)] can be engineered by setting wODF < R
and starting with all spins in |↓〉Z . In this way, ions at the
center, where r̃j ∼ 0, are unaffected, whereas ions at the

crystal boundary are also left unchanged since the beam
intensity tapers to zero. On the other hand, ions in the inter-
mediate region experience some degree of spin rotation
and thereby give rise to a BEC-like texture. For observing
phase III dynamics, a BCS-like initial state with a sharp
domain wall between |↓〉Z and |↑〉Z spins and a small
value of |�(0)| is suitable [e.g., top panel of Fig. 2(c)]
[4]. Starting with all spins in |↓〉Z , a domain wall can be
realized by using an optical pumping beam to selectively
address ions in the central region and prepare them in |↑〉Z .
Next, a global π/2 pulse rotates Z → Z so that ions in
the central region and those outside are respectively pre-
pared in |↑〉Z and |↓〉Z . A small initial |�(0)| can then be
induced by a short-time application of Hamiltonian (14).
A detailed description of state initialization is presented in
Appendix G.

Measurement of the real and imaginary parts of the order
parameter is also enabled by Hamiltonian (14). To demon-
strate this, we first introduce site-dependent orthogonal
axes,

êX ′
j
= sin φj êX − cos φj êY ,

êY ′
j
= cos φj êX + sin φj êY ,

(15)

such that êX ′
j
× êY ′

j
= êZ . In terms of these axes, we can

write

Re[�] = 2
N

∑

j

r̃j 〈ŝ
Y ′

j
j 〉, Im[�] = 2

N

∑

j

r̃j 〈ŝ
X ′

j
j 〉,

(16)

(a) (b) (c)

DTWA
DTWA

FIG. 2. Manifestation of dynamical phases in a 200 ion crystal. Initial BCS-like spin textures (top panels) and time evolution of
|�(t)| in phases (a) I, (b) II, and (c) III. In (a) K/J = 10, while in (b) and (c) K/J = 1. The dynamics of |�(t)| are computed both
using mean-field theory and the discrete truncated Wigner approximation (DTWA) method. The DTWA results show that the finite
size of the crystal leads to a decay of |�(t)| even in phases II and III. However, the buildup of quantum correlations in these phases
is captured by a second order parameter �̃ [Eq. (20)]. In all cases, the decay of |�(t)| in the absence of interactions is plotted for
reference. Crystal parameters are detailed in Appendix B and chiral spin states are initialized according to Appendix G.
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and with wODF � R, Hamiltonian (14) can be expressed as

Ĥinit = 
0

∑

j

r̃j ŝ
Y ′

j
j . (17)

After running the quantum simulation up to some time T,
we evolve the system under Hamiltonian (17) for a further
time t. This leads to

〈ŝZj (T + t)〉 = 〈ŝZj (T)〉 cos(
0r̃j t) − 〈ŝX
′
j

j (T)〉 sin(
0r̃j t)

≈ 〈ŝZj (T)〉 − (
0r̃j 〈ŝ
X ′

j
j (T)〉)t, (18)

where the approximation holds for short rotation times.
Summing over all the ions, we get

〈ĴZ(T + t)〉 − 〈ĴZ(T)〉 ≈ −N
0

2
Im[�(T)]t, (19)

where ĴZ = ∑
j ŝZj . The imaginary part of the order

parameter determines the rate of change of 〈ĴZ(T + t)〉 as
the rotation time t is increased. This quantity is accessi-
ble by a global fluorescence measurement after applying a
global π/2 pulse to rotate Z → Z. Furthermore, a phase
offset of π/2 can be introduced in Hamiltonian (14) by
shifting the phase of the ODF beatnote, which can be used
to measure Re[�(T)] in a similar manner.

IV. PROBING THE DYNAMICAL PHASES

Having established protocols for initializing BCS-like
and BEC-like initial states, for engineering interactions,
and for measuring the order parameter, we now proceed
to discuss how the dynamical phases can be observed in
a crystal stored in a Penning trap. Figure 2 shows repre-
sentative examples of the three dynamical phases, which
are obtained using different BCS-like initial conditions and
interaction strengths, the latter characterized by the ratio
K/J . In each case, the initial spin texture is shown in the
top panel. Phases I and II use the same initial spin texture
but are obtained using K/J = 10 and K/J = 1, respec-
tively. On the other hand, phase III is obtained using a
different initial spin texture but with the same value of
K/J = 1 as in phase II. The purple lines in Fig. 2 show
the mean-field predictions for the time evolution of |�(t)|
in each phase. The magnitude |�(t)| decays to 0 in phase
I, saturates to a nonzero constant in phase II, and dis-
plays persistent oscillations in phase III. However, given
the finite number of ions (N = 200), we are motivated to
investigate the validity of mean-field theory in describing
our system. Towards this end, we simulate the dynamics
under Ĥ1ch via the discrete truncated Wigner approxima-
tion (DTWA) method that accounts for the quantum noise
of the initial state [24] (see Appendix E). The results of the
DTWA simulations are shown by the red lines in Fig. 2.

The DTWA and mean-field results agree well in phase I
where the single-particle dephasing dominates the interac-
tions. In contrast, the DTWA results deviate significantly
from the mean-field predictions in phases II and III. In
both cases, quantum noise causes the order parameter to
eventually decay to zero in the long time limit.

Importantly, the decay of the mean-field order parameter
|�(t)| in phases II and III is accompanied by the develop-
ment of quantum correlations, which is captured in a more
appropriate order parameter �̃ defined as

�̃ = 2
N

∣∣∣∣
∑

j �=k

r̃j r̃k〈ŝ+
j ŝ−

k 〉e−i(φj −φk)

∣∣∣∣
1/2

. (20)

We note that �̃ is just a measure of the interaction part of
Hamiltonian Ĥ1ch [Eq. (12)]. While � is the standard order
parameter in superconductors, �̃ could be thought of as
the density of the Cooper pairs without concern to whether
they are condensed. This is similar to the BEC phase of
the BCS-BEC condensates, kept above the superconduct-
ing transition temperature and below the temperature of
the formation of pairs [25]. Figure 2 shows that �̃ stabi-
lizes to a nonzero constant in phases II and III, indicating
the persistence of dynamical p-wave superfluidity in these
phases.

Even though the mean-field order parameter |�(t)| dis-
appears at long times, the three phases can be distinguished
in the short time dynamics of this observable. Figure 2
shows that, for Jt � 20, the mean-field and DTWA results
are in approximate agreement in all three phases. The mag-
nitude |�(t)| does not decay in phase II, whereas it exhibits
strong amplification in phase III. In an experiment, the sta-
bilization of superfluidity by interactions can be sharply
demonstrated by comparing the dynamics of |�(t)| in the
presence and absence of the ODF drive; in the absence of
interactions, |�(t)| decays towards zero even on short time
scales (gray lines in Fig. 2).

V. INFERRING TOPOLOGY

In contrast to s-wave superconductors, ground states and
dynamical phases of p-wave superconductors can possess
nontrivial topological properties. We now discuss how the
topology of the dynamical phases can be probed in the ion
simulator. For this study, we use the initial spin texture
shown in Fig. 3(a), which is approximately BEC-like in
the sense that the Z component of the spins first increases
with radius, reaches a maximum, and then decreases with
a further increase in radius. Figure 3(b) shows the wind-
ing number W [Eq. (10)] computed in mean-field theory
as the ratio K/J is tuned for a crystal of N = 200 ions
in the Penning trap (see Appendix F for details of this
calculation on the discrete crystal lattice). The dynami-
cal chemical potential μ∞, which determines the rotating
frame in which Eq. (10) is evaluated, is obtained from a
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FIG. 3. Inferring topological properties of the dynamical phases. (a) Initial BEC-like spin texture. (b) Mean-field, long-time winding
number of the effective magnetic field texture as the relative strength of the single-particle (K) and interaction (J ) terms are varied. In
the strong interaction case (K/J < 0.6), the texture is BEC-like and topologically trivial, while in the weak interaction case (K/J >

0.6), it is BCS-like and topologically nontrivial. Representative field textures are shown, where each arrow now indicates the unit
vector of the effective magnetic field acting at that site, and the color code indicates the normalized BZ component. (c),(d) The sense
of rotation of the order parameter in the complex plane reveals the winding number of the underlying magnetic field texture. The
topologically trivial (nontrivial) dynamical phase is associated with a counterclockwise (clockwise) rotation of �(t). While mean-field
predicts a stable limit cycle (gray dashed line), DTWA calculations (colored circles) show the order parameter spiraling in towards
the origin at long times (plotted here until Jt = 100). The color gradient indicates the arrow of time. (e) The Cooper pair distribution
function (CPDF) displays an even (odd) number of zero crossings in the topologically trivial (nontrivial) case. These features are
preserved even at times Jt ∼ 100, when the order parameter has decayed considerably due to quantum fluctuations. For comparison,
the dashed lines show the CPDF computed using mean-field theory. Crystal parameters are detailed in Appendix B and chiral spin
states are initialized according to Appendix G.

Fourier transform of the time series of �(t). Representa-
tive examples of the effective magnetic field texture are
also shown, which demonstrate the transition from a topo-
logically trivial BEC-like texture (K/J < 0.6, W ≈ 0) to
a topologically nontrivial BCS-like texture (K/J > 0.6,
W ≈ 1). Remarkably, the topologically trivial and non-
trivial phases can be distinguished by measurements of
the real and imaginary parts of the order parameter. From
Eq. (9), the sense of rotation of the order parameter in the
complex plane—clockwise (μ∞ > 0) or counterclockwise
(μ∞ < 0)—is a direct measurement of the sign of μ∞ and,
consequently, enables us to infer the BCS-like or BEC-like

nature of the effective magnetic field texture. Figures 3(c)
and 3(d) show that the sense of rotation of the order param-
eter is different for K/J = 0.35 and K/J = 0.85, clearly
indicating the transition from a topologically trivial to a
topologically nontrivial dynamical phase as the ratio K/J
is tuned. While mean-field theory predicts the order param-
eter to precess with an approximately constant radius in the
complex plane, the buildup of quantum correlations causes
the order parameter to spiral in towards the origin at long
times, consistent with Fig. 2(b). Nevertheless, the decay
does not modify the topological nature of the dynamical
phases.
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The preservation of the topology in the regime where the
order parameter is decaying can be confirmed by measur-
ing the so-called Cooper pair distribution function (CPDF)
γ (p) [4]. This function characterizes the nonequilibrium
distribution of the quasiparticle spectrum in the asymptotic
steady state and provides information about the topology
of the dynamical phases: the topology of the dynamical
phase is trivial (nontrivial) if the number of zero crossings
of this function is even (odd) [4]. In superconductors the
CPDF can be measured via time-resolved, angle-resolved
photoemission spectroscopy (ARPES) [26]. In the trapped-
ion implementation, γ (p) maps to γ (rj , t), where rj is the
position of ion j , and corresponds to the projection of the
local spin vector 〈ŝj (t)〉 onto the local effective magnetic
field Bj (t) at time t:

γ (rj , t) = 〈ŝj (t)〉 · Bj (t)√
〈ŝj (t)〉 · 〈ŝj (t)〉

√
Bj (t) · Bj (t)

. (21)

Here, the overbar denotes that the spin and effective mag-
netic field are measured in a frame rotating at 2μ∞ and
the denominator ensures that the quantity is the direc-
tion cosine of the spin vector with respect to the local
magnetic field. Figure 3(e) shows the CPDF as a func-
tion of ion radius from the trap center for K/J = 0.35
and K/J = 0.85 computed by running the simulation up
to a time Jt = 100. The CPDF is evaluated at the final
time Jt = 100, while the value of μ∞ is obtained from a
Fourier transform of �(t) over the total simulation time.
The solid curves in Fig. 3(e) have been computed account-
ing for quantum fluctuations, for which the decay of the
order parameter is clearly visible in Figs. 3(c) and 3(d). We
find that the parity of zero crossings of the CPDF enables
an inference of the topology even after significant decay of
the order parameter. We note that the CPDF can in prin-
ciple be estimated from the experiment by site-resolved
and time-resolved measurements of the spin components,
from which both μ∞ and the local Bj (t) at each site can
be estimated in phase II [see Eqs. (7) and the subsequent
discussion in Sec. II].

VI. REALIZING A TWO-CHANNEL MODEL

So far, we have focused on a regime where the c.m.
mode is coupled off resonantly to the spins and can hence
be adiabatically eliminated, giving rise to an effective
one-channel model description in terms of the Anderson
spins alone. The c.m. mode plays the role of the bosonic
molecular channel in the two-channel p-wave model. By
suitably tuning the ODF difference frequency μr, a near-
resonant coupling with the c.m. mode can be engineered,
thereby enabling simulation of the more general two-
channel Hamiltonian (11). Thus, our trapped-ion simulator
allows the exploration of the distinct physical behaviors

FIG. 4. Realizing the two-channel model. The drumhead c.m.
mode plays the role of the molecular channel in the two-channel
p-wave model. As the coupling to the c.m. mode is tuned from off
resonant (δ2

1/G2 � 1) to near resonance (δ2
1/G2 ∼ 0), its effects

can be clearly observed in the time evolution of |�(t)|. Here,
we fix B1 = G/

√
10 and vary δ1 to obtain the different curves.

Crystal parameters are detailed in Appendix B and chiral spin
states are initialized according to Appendix G.

featured by both the one-channel and two-channel mod-
els in the same experimental setting. Figure 4 shows the
time evolution of |�(t)| as the coupling to the c.m. mode
is tuned from a far off-resonant regime (δ2

1/G2 � 1) to
the resonant regime (δ2

1/G2 ∼ 0). The curves are computed
accounting for the initial quantum noise of the spins, which
are initialized in a BCS-like state [top panel of Fig. 2(a)],
as well as that of the c.m. mode, which is assumed to be
initialized in the ground state. In the off-resonant regime,
the behavior is similar to the one-channel model as the
occupation of the c.m. mode remains small at all times.
However, |�(t)| exhibits pronounced oscillatory behavior
in the near-resonant and resonant regimes where excita-
tions are strongly exchanged between the spins and the
c.m. mode. Interestingly, these results indicate that, for
fixed B1, there is an optimal δ1 in order to stabilize |�(t)|
for a longer time. In addition to probing the role of the
molecular channel, near-resonant coupling also enhances
the interaction strength and hence may exhibit stronger
signatures of the interaction dynamics in the time before
sources of decoherence such as light scattering from the
ODF beams kick in (Appendix B).

VII. CONCLUSION AND OUTLOOK

We have proposed a protocol to simulate the quench
dynamics of p + ip superfluids using ion crystals stored
in a Penning trap. By utilizing the Anderson pseudospin
mapping, we make a fermionic Hamiltonian amenable
to simulation using spins encoded in the internal states
of ions. In this way, we not only leverage the versatile
toolbox of the trapped-ion platform but we also circum-
vent limitations that arise with direct simulations of the
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fermionic model using ultracold quantum gases, where
p-wave superfluids have been highly elusive to date.

We demonstrated how signatures of all three dynamical
phases can be observed using crystals with about 200 ions.
In the thermodynamic limit, the 2D p + ip model becomes
integrable and the dynamics is well described by mean-
field theory. However, beyond-mean-field effects kick in at
a finite number of fermions; the relatively small number of
spins in the trapped-ion crystal naturally opens the avenue
to observe beyond-mean-field effects in the quench dynam-
ics of p + ip superfluids and also facilitates the emulation
of small superconducting grains [27].

We showed how the topological character of the dynam-
ical phases can be inferred via the sense of rotation of
the order parameter in the complex plane. Since our pro-
posal maps the fermionic momentum on to the real-space
position of ions, the addition of site-resolved detection
of spins in the trap can provide time- and momentum-
resolved measurements of the simulated system, analogous
to techniques used in solid-state materials such as ARPES
[28]. Along these lines, we showed how the Cooper pair
distribution function can be used to probe the topology of
the dynamical phase.

Although the p + ip model is integrable, its quantum
simulation is nevertheless an important milestone because
this model represents an interacting system with nontrivial
topological properties. Its experimental implementation in
a controllable setting will provide access to observables
that, although in principle are obtainable via the Bethe
ansatz, can be challenging to compute in practice. While
conventional mean-field theory is sufficient to describe the
dynamics of the order parameter in the thermodynamic
limit, a deep understanding of the underlying quantum
behavior requires accessing observables that are beyond
the reach of simple mean-field treatment. As an example,
recent theory work has shown that if a p + ip supercon-
ductor is quenched out of the critical point separating
its topological and nontopological phases, its Loschmidt
echo features singularities occurring periodically in time,
a feature that is not expected to occur in s-wave supercon-
ductors [29]. It was found that the correct calculation of the
Loschmidt echo requires more elaborate techniques that go
beyond conventional mean-field theory. Trapped-ion simu-
lators have already demonstrated the capability to measure
Loschmidt echoes [14] and thus we expect that such sim-
ulators can probe not just finite-size quantum effects, but
also beyond-mean-field effects that persist in the thermo-
dynamic limit. As a second example, we show in Fig. 2
that, for a finite-size system, while the mean-field order
parameter � decays to zero, the many-body correlations
are still captured in a more appropriate order parameter �̃.
This raises several interesting issues, such as the persis-
tence and characterization of topology beyond mean-field
winding numbers, the role of entanglement in stabilizing
the dynamical phases, and the behavior of entanglement

entropy (in momentum space) across the dynamical topo-
logical phase transition demonstrated in Fig. 3. These are
issues that could be explored directly on the quantum
simulator, since the computation of beyond-mean-field
properties can be challenging in practice.

We also demonstrated that by tuning closer to resonance
with the c.m. mode, a two-channel p-wave model can be
realized and the nonzero occupation of a molecular chan-
nel can be additionally simulated and investigated. It will
be interesting to explore conditions where a dynamically
active molecular channel can enhance superfluidity [30],
in a way reminiscent of analogous phenomena recently
studied in solid-state quantum optics [31–41]. For exam-
ple, our system can be used to study the response when
the c.m. mode (i.e., the molecular channel) is driven or
even squeezed via parametric amplification [23,42]. Fur-
thermore, although we have considered a regime where
the other drumhead modes are off resonant, strong spin-
mode coupling can lead to weak excitations of more than a
single mode, leading to the emergence of spatial inhomo-
geneities than can emulate the phenomenon of Cooper pair
turbulence [43].

Beyond the simulation of p + ip superconductors,
trapped ions could also be used to study further exotic
superconducting systems such as chiral dx2−y2 + idxy
superfluids [44]. Such systems can be simulated in the Pen-
ning trap by engineering the phase of the ODF beams to
have spatial variations, which is possible with the use of
deformable mirrors [45].

Finally, we note that the fermionic statistics of the orig-
inal p-wave model is not present in the corresponding spin
mapping, and therefore our proposal cannot be used to pro-
duce Majorana fermions [46,47]. However, the protocols
we have developed can be used to both produce skyrmionic
spin textures as well as stabilize them using interactions,
which could find applications in demonstrating skyrmion
qubits for quantum computing [48].

ACKNOWLEDGMENTS

We thank Allison Carter for providing estimates for
the decoherence rates from light scattering. We thank
Diego Barberena and Bryce Bullock for a careful read-
ing and comments on the manuscript. This work is sup-
ported by the European Union’s Horizon 2020 research
and innovation program under Grant Agreements No.
817482 (Pasquans), by the Simons Collaboration on Ultra-
Quantum Matter, which is a grant from the Simons Foun-
dation (651440, P. Z.), and by LASCEM via AFOSR
No. 64896-PH-QC. Support is also acknowledged from
the AFOSR under Grants No. FA9550-18-1-0319 and
No. FA9550-19-1-0275, by the NSF PHY-1820885, NSF
JILA-PFC PHY-1734006, QLCI-OMA-2016244, by the
U.S. Department of Energy, Office of Science, National
Quantum Information Science Research Centers, Quantum

040324-10



SIMULATING DYNAMICAL PHASES. . . PRX QUANTUM 3, 040324 (2022)

Systems Accelerator, and by NIST. J.J.B. acknowledges
support from the DARPA ONISQ program and AFOSR
under Grant No. FA9550-201-0019.

APPENDIX A: DERIVATION OF EFFECTIVE
HAMILTONIANS

We show how the combination of ODF and Raman
beams with suitable geometries leads to effective one-
channel and two-channel models for p-wave interactions
in ion crystals stored in a Penning trap.

1. Optical dipole force with tilted wave vectors

The Hamiltonian corresponding to only the ODF inter-
action is

Ĥ =
N∑

j =1

ωsŝZ
j +

N∑

n=1

ωnâ†
nân

+ 2
N∑

j =1

δAC sin(	kxxj + 	kzẑj − μrt)ŝZ
j , (A1)

where ωs is the spin transition frequency, δAC is the
strength of the optical dipole force, 	k = 	kx êx + 	kz êz
is the difference wave vector of the ODF beams, and μr
is their difference frequency. The out-of-plane motion is
treated quantum mechanically and is represented by the
operator ẑj . In terms of the drumhead modes, it can be
expressed as

	kzẑj =
N∑

n=1

ηnMjn(ân + â†
n), (A2)

where ân, â†
n are annihilation and creation operators for

mode n with frequency ωn, ηn = 	kz
√

�/(2mωn) is the
Lamb-Dicke parameter, m is the ion mass, and Mjn is
the displacement of ion j under the influence of mode n.
In contrast, the in-plane motion is dominated by the crys-
tal rotation and is represented by the classical coordinate
xj (t) = rj cos(ωrt + φj ), where rj is the distance of the ion
from the trap center and φj is the azimuthal angle in the
rotating frame.

Note on planar modes.—The complete planar motion
consists of N cyclotron modes and N E × B modes whose
motion is superposed on the crystal rotation. The cyclotron
modes have high frequency and low amplitude, so we
expect their impact to be negligible. The amplitude of the
E × B modes can be appreciable, but they only couple
weakly and off resonantly to the lasers with our choice of
parameters, so their expected impact is still small.

2. Copropagating Raman beams

We now introduce a pair of Raman beams that drive res-
onant two-photon transitions between the spin states. The

beams are assumed to be copropagating so that their differ-
ence wave vector approximately vanishes [49] and hence
does not induce any spin-motion coupling. In a frame rotat-
ing at ωs, the total Hamiltonian including the ODF and the
Raman beams is

Ĥ =
N∑

j =1

Bj ŝX
j +

N∑

n=1

ωnâ†
nân

+ 2
N∑

j =1

δAC sin(	kxxj + 	kzẑj − μrt)ŝZ
j . (A3)

Here, Bj is the effective two-photon Rabi frequency at the
site of ion j . Assuming a beam waist w � R for the Raman
lasers, where R is the crystal radius, we can approximate
Bj ≈ B0 − B0r2

j /w2.
We now analyze the spin dynamics in a rotated spin

space such that ŝZ ≡ −ŝX and ŝX ≡ ŝZ . Further transform-
ing to a frame rotating at B0, the Hamiltonian in the rotated
spin space is

Ĥ =
N∑

j =1

B0
r2

j

w2 ŝZj +
N∑

n=1

ωnâ†
nân

+
N∑

j =1

δAC sin(	kxxj + 	kzẑj − μrt)

× (ŝ+
j e−iB0t + ŝ−

j eiB0t). (A4)

We can now see the twofold role played by the Raman
drive: by providing a splitting 2B0 between ŝ+

j and ŝ−
j ,

it will enable retention of only desired interactions and
enable “rotating out” unwanted interactions. Second, the
beam waist w acts as a knob to tune the single-particle
dispersion.

3. Small-angle approximation

We now consider the sine function appearing in
Eq. (A4). For three arguments A = 	kxxj , B = 	kzẑj , C =
−μrt, we can expand

sin(A + B + C)= sin(A + B) cos(C)+ cos(A + B) sin(C).
(A5)

We assume that A, B � 1 and expand the relevant trigono-
metric functions in the small-angle limit. The result, cor-
rect to second order in A, B, is

sin(A + B + C) ≈ (A + B) cos C

+
(

1 − A2 + B2

2
− AB

)
sin C. (A6)
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4. Obtaining the two-channel model

We express the resonance requirements as a sum of
frequencies appearing in the argument of complex expo-
nentials multiplying each interaction term. To do so,
we first note that the motion along x can be written
as xj = rj cos(ωrt + φj ) = (rj /2)(ei(ωrt+φj ) + e−i(ωrt+φj )),
while the motion along z can be expanded as

	kzẑj (t) =
N∑

n=1

ηnMjn(âne−iωnt + â†
neiωnt). (A7)

This expansion assumes that we have moved to an inter-
action picture with respect to the free phonon frequen-
cies ωn. The homogeneous Raman drive sets a frequency
B0 for the spins as seen from Eq. (A4). Finally, the
terms cos(−μrt), sin(−μrt) can be expanded with com-
plex exponentials of the form e±iμrt. For discussing the
resonance requirements (see Appendix C), we neglect the
small contribution arising from the spatially inhomoge-
neous component of the Raman beams, i.e., we assume that
the beam waist w → ∞.

We tune μr to selectively induce a coupling between
the spins (B0), the drumhead c.m. mode (ω1), and the
planar rotation (ωr). In particular, we adjust μr such
that B0 − μr + ω1 + ωr = δ1. Then, the only near-resonant
term stems from the AB sin C-type term in Eq. (A6), and is
of the form

ĤI = −
N∑

j =1

G

i
√

N
r̃j (ŝ

−
j â†

1ei(δ1t+φj ) − ŝ+
j â1e−i(δ1t+φj )),

(A8)

where r̃j = rj /R is the ion radius normalized to the crystal
radius R (assuming a nearly circular crystal) and G is given
by

G = δACη1(	kxR)

4
. (A9)

Here, η1 = 	kz
√

�/(2mω1) is the Lamb-Dicke parame-
ter for the c.m. mode. The quantity 	kxR can be thought
of as an effective Lamb-Dicke parameter for the in-plane
motion. We will later consider the effect of off-resonant
terms in Appendices C and D.

The above analysis is carried out assuming that the beam
waist of the Raman lasers w → ∞. Restoring a finite w and
performing a frame transformation for the c.m. mode, we
arrive at the effective Hamiltonian

Ĥ2ch =
N∑

j =1

B1r̃2
j ŝ

Z
j + δ1â†

1â1

−
N∑

j =1

G

i
√

N
r̃j (ŝ

−
j â†

1eiφj − ŝ+
j â1e−iφj ), (A10)

where B1 = B0R2/w2.

5. Effective spin-exchange interaction

We now eliminate the c.m. mode from Eq. (A10) using
effective Hamiltonian theory [21]. We express energy res-
onance requirements once again as complex exponentials
by defining δ

j
1 = δ1 − B1r̃2

j . Using a frame transformation
for the spins and the c.m. mode, Eq. (A10) can be written
as

ĤI = −
N∑

j =1

G

i
√

N
r̃j (ŝ

−
j â†

1ei(δj
1t+φj ) − ŝ+

j â1e−i(δj
1t+φj )).

(A11)

By assuming that the δ
j
1 are large compared to the maxi-

mum interaction strength G, a spin-spin Hamiltonian can
be derived using effective Hamiltonian theory. The result
is

Ĥeff =
N∑

j ,k=1

G2

Nh(δ
j
1, δk

1)
r̃j r̃k[â†

1ŝ
−
j ei(δj

1t+φj ), â1ŝ
+
k e−i(δk

1 t+φk)],

(A12)

where h(a, b) is the harmonic mean of a, b. The commuta-
tor evaluates to

[â†
1ŝ

−
j , ŝ+

k â1] =
{

−ŝ−
j ŝ+

k , j �= k,

−2â†
1â1ŝ

Z
j − ŝ+

j ŝ−
j , j = k.

(A13)

The term containing â†
1â1 can be neglected if the c.m.

mode is initially in the ground state such that 〈â†
1â1〉 = 0.

Since the number operator of the c.m. mode only appears
in the j = k term, a small nonzero thermal occupation of
the c.m. mode only changes the single-particle dispersion
(kinetic energy) and does not affect the interaction terms.
Therefore, it does not affect the ability to see the distinct
dynamical phases in an experiment.

The effective Hamiltonian is therefore

Ĥeff = −
N∑

j ,k=1

G2

Nh(δ
j
1, δk

1)
r̃j r̃kŝ

+
j ŝ−

k e−i[(δj
1−δk

1)t+(φj −φk)].

(A14)

The time dependence can be removed via a frame transfor-
mation to give

Ĥeff =
N∑

j =1

(
B1r̃2

j − G2

Nδ
j
1

r̃2
j

)
ŝZj

−
N∑

j =1

∑

k �=j

G2

Nh(δ
j
1, δk

1)
r̃j r̃kŝ

+
j ŝ−

k e−i(φj −φk). (A15)
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Since δ1 � G2/δ1 and B1 is comparable to the latter fre-
quency, as a first approximation we can assume that δ

j
1 ≈

δk
1 ≈ δ1 and neglect site dependency in the denominators

of the effective frequencies. This leads to the following
Hamiltonian for the one-channel model:

Ĥ1ch = K
N∑

j =1

r̃2
j ŝ

Z
j − J

N

N∑

j =1

∑

k �=j

r̃j r̃kŝ
+
j ŝ−

k e−i(φj −φk)

(A16)

with J = G2/δ1 and K = B1 − J/N . We note that the total
magnetization ĴZ = ∑

j ŝZj is conserved by this Hamilto-
nian.

APPENDIX B: EXPERIMENTAL PARAMETERS
FOR IMPLEMENTATION

In this section, we provide experimental parameters for
implementing our proposal. These parameters are based on
settings used in the NIST Penning trap, where 2D crystals
of tens to hundreds of 9Be+ ions are routinely prepared for
quantum simulation and sensing.

1. Trapping parameters

Two-dimensional crystals of 9Be+ ions are formed in the
Penning trap by a combination of an electric quadrupole
field providing axial confinement and a strong axial mag-
netic field B ≈ 4.46 T [cyclotron frequency ωc/(2π) ≈
7.6 MHz] that aids in radial confinement. The spin-1/2
degree of freedom is encoded in two long-lived hyperfine
levels of each 9Be+ ion, i.e., |↑〉 ≡ |2S1/2, 1/2〉 and |↓〉 ≡
|2S1/2, −1/2〉. For a crystal with N = 200 ions, the crystal
radius is R ∼ 100 μm. Here we consider two sets of trap-
ping parameters. In case A, we set the rotation frequency
to ωr/(2π) = 180 kHz and choose the axial trapping fre-
quency, which is also the drumhead c.m. frequency, to
be ω1/(2π) = 1.59 MHz. In case B, we choose a faster
rotating crystal with a higher axial trapping frequency,
viz. ωr/(2π) = 900 kHz and ω1/(2π) = 3.42 MHz. In
the following, we explicitly refer to the different cases
when specifying parameters that are not the same in the
two cases. While case A represents the commonly used
trapping parameters, the reason we consider two sets of
parameters will become clear in Appendix D, where we
show that certain off-resonant terms are only negligible
for the faster rotating crystal, i.e., case B. Nevertheless,
we have used case-A trapping parameters for the figures
presented in the main text, since those results have been
obtained neglecting the off-resonant terms. In this situa-
tion, both case-A and case-B crystals give qualitatively
similar results.

In general, both the ODF beams and the Raman beams
intersect the crystal plane at a nonzero angle. However, for
the quantum simulation, we require that these beams have

a radially varying intensity profile in the crystal plane. This
can be achieved by using laser beams with elliptical beam
waists, whose cross section in the crystal plane will have a
radial intensity profile.

2. ODF interaction

The optical dipole force is realized using a pair of lasers
that intersect the crystal at approximately equal and oppo-
site angles relative to the crystal plane; see Fig. 1(c). These
lasers induce spatially varying ac Stark shifts on the pseu-
dospin states by coupling these states to the |2P3/2〉 mani-
fold and give rise to a Hamiltonian of the form described
in Eq. (A1).

From Fig. 1(c), the wave vectors of the ODF lasers are
given by

ku = (k cos θ)êx − (k sin θ)êz,

kl = [k cos(θ + δθ)]êx + [k sin(θ + δθ)]êz,
(B1)

where u, l denote the upper and lower ODF beams, respec-
tively, and k = |ku| = |kl|. Denoting kx = k cos θ , kz =
k sin θ , we can write

ku = kx êx − kz êz,

kl ≈ (kx − kzδθ)êx + (kz + kxδθ)êz.
(B2)

The difference wave vector can then be expressed as

	k = kzδθ êx − (2kz − kxδθ)êz ≡ 	kx êx + 	kz êz. (B3)

The wave-vector magnitude of each ODF laser is k ≈
2 × 107m−1. The Lamb-Dicke parameter along the axial
direction is η1 = 	kzl

zp
1 , where 	kz ≈ 2k sin(θ) is the

difference wave vector along the z direction and lzp
1 =√

�/(2mω1) is the zero-point motion of the c.m. mode.
Here, we have neglected the small correction to 	kz that
arises from a nonzero misalignment δθ . To obtain a value
η1, the ODF lasers must be oriented at angles ±θ with
respect to the crystal plane, with θ = sin−1[η1/(2klzp

1 )].
For η1 ≈ 0.3, we find that θ ≈ 23.4◦ for case A and θ ≈
35.7◦ for case B.

An analogous small parameter along the x direction is
given by ηx = 	kxR, where 	kx = kδθ sin θ is the differ-
ence wave vector in the crystal plane. To obtain a value ηx,
the required misalignment is given by δθ = ηx/(kR sin θ).
For ηx ≈ 0.3, we find that δθ ≈ 0.017◦ for case A and
δθ ≈ 0.016◦ for case B. Experimentally, it is possible to
control the tilt of the 1D optical lattice at the required
level by monitoring sideband excitations at the rotation fre-
quency. This technique has previously been used to align
the optical dipole lattice wave vectors to be perpendicu-
lar to the crystal plane to better than 0.01◦ in the NIST
Penning trap [50]. We note that wavefront control can be

040324-13



ATHREYA SHANKAR et al. PRX QUANTUM 3, 040324 (2022)

facilitated in future work by using a spatial light modulator
[45].

We assume that δAC/(2π) ≈ 40 kHz. Then, the inter-
action strength G for the two-channel model is given
by

G
2π

= δACη1ηx

4(2π)
= 900 Hz. (B4)

By assuming a detuning of δ1/(2π) = 2 kHz from the c.m.
mode, we can arrive at the effective one-channel model
coupling strength J as

J
2π

= G2

δ1
= 405 Hz. (B5)

In this parameter regime, the ratio δ2
1/G2 ∼ 5 and, there-

fore, the simulation will have a small two-channel charac-
ter to it in addition to the dominant one-channel model (see
Fig. 4).

3. Raman beams

Two-photon Raman transitions between the pseudospin
states can be engineered by introducing a pair of copropa-
gating Raman lasers that couple these states to the |2P3/2〉
manifold in a far detuned regime. The purpose of the
Raman beams is twofold. First, the spatially homoge-
neous two-photon Rabi frequency B0 breaks the symmetry
between the ŝ+ and ŝ− terms; see Eq. (A4). We take this
value to be B0/(2π) = 10 kHz. Second, the radially vary-
ing intensity of the Raman beams tunes the dispersion K of
the spins. We estimate the scale of the required beam waist
w as the value at which K ≈ J , i.e.,

K ≈ B0R2

w2 = J =⇒ w ≈ 497 μm. (B6)

An alternative mechanism to generate a Raman beam
intensity gradient is by utilizing the Doppler shifts aris-
ing from the crystal rotation. Although the Raman beams
are copropagating, their difference wave vector |	kR| �= 0
because of the frequency splitting ωs of the spin states, i.e.,
|	kR| = ωs/c, where c is the speed of light in vacuum.
Assuming that the Raman beams are propagating in the
x-z plane and make an angle θR with the crystal plane, the
Hamiltonian for a single ion interacting with the Raman
beams is given by

ĤR,j = ωsŝZ
j + B0

2
(ŝ+

j ei[|	kR| cos θRxj (t)−	ωRt]

+ ŝ−
j e−i[|	kR| cos θRxj (t)−	ωRt]). (B7)

In the Doppler-free case, two-photon resonance is satisfied
by setting 	ωR = ωs. In this case, transforming to a frame

rotating at ωs leads to the interaction Hamiltonian

Ĥ I
R,j = B0

2
(ŝ+

j ei|	kR| cos θRxj (t) + ŝ−
j e−i|	kR| cos θRxj (t)). (B8)

The Doppler shift is time modulated because xj (t) =
rj cos(ωrt + φj ). Defining ηR

j = |	kR| cos θRrj , we can
use the Jacobi-Anger expansion to write

e−iηR
j cos(ωrt+φj ) =

∞∑

n=−∞
(−i)nJn(η

R
j )e−in(ωrt+φj ), (B9)

where Jn(x) is the nth Bessel function of the first kind. The
n = 0 term is then given by

Ĥ I ,(0)
R,j = B0J0(η

R
j )ŝX

j ≈ B0

(
1 − (ηR

j )2

4

)
ŝX

j

=
(

B0 − B0ω
2
s R2

4c2 r̃2
j

)
ŝX

j . (B10)

The approximation is valid for (ηR
j )2 � 1. To verify this,

we consider the situation when the largest value of ηR
j

occurs, i.e., when θR = 0 and rj = R ∼ 100 μm. Using
ωs/(2π) = 124 GHz, we estimate ηR

j ≈ 0.26 and (ηR
j )2 ≈

0.067 � 1. The achievable value of B1 in this case is given
by

B1 = ω2
s R2

4c2 B0 ≈ 0.017B0 ≈ 2π × 170 Hz, (B11)

where we have used B0/(2π) = 10 kHz. Therefore, it
appears that B1 can be partially realized even without a
beam waist by simply exploiting the crystal rotation.

We note that the dispersion B1 arising from the Doppler
shifts can also be achieved if Raman beams are replaced
with a microwave drive that is tilted with respect to the
spatial z axis. Such an implementation may be simpler
and will also eliminate off-resonant scattering from the
Raman beams (see below). However, the long wavelength
of microwaves precludes control of the beam waist at the
100-μm level for additional tuning of B1 that may be
required for some aspects of our proposal.

4. Decoherence from off-resonant light scattering

We separately estimate the contributions from the ODF
beams and the Raman beams and find them to be [51,52]

�ODF

2π
≈ 38 Hz,

�Raman

2π
≈ 15 Hz. (B12)

The total decoherence rate is then �tot/(2π) = (�ODF +
�Raman)/(2π) ≈ 53 Hz.

With the chosen parameters, we estimate the typical
time up to which the simulation can be run as Jt ≈
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J (1/�tot) ∼ 7.6. As we mention in the main text, the ratio
of the coherent interaction to the decoherence rate can
be enhanced by a number of means, including choosing
a different ion species and transition, enhancing coherent
coupling by parametric amplification, and by working at a
different ODF operating point.

We note that because of the multilevel structure of the
electronic excited states, the full decoherence model for the
ODF beams and for the Raman beams contains a number
of independent decay channels with nontrivial rates and
jump operators that are strongly modified by multilevel
interference effects. Although we consider the full deco-
herence model [51,52], we have only roughly estimated the
decoherence rate by inspecting analytical equations for the
rate of decay of individual spin components. In the future,
a detailed study of the impact of decoherence can be per-
formed for specific experimental settings by including the
full decoherence model in the numerical simulation.

APPENDIX C: ROTATING-WAVE
APPROXIMATIONS

In deriving the two-channel model, we assumed that all
other terms in the expansion equation (A6) could be con-
sidered rapidly oscillating. We now check whether this is
true by first listing the various resonance conditions and
estimating their values using real experimental parameters.

We first consider the term of the form AB sin Cŝ−
j , for

which the possible arguments of the complex exponen-
tials are (up to an overall sign, which gives the Hermitian
conjugate process with ŝ+

j )

T11 ≡ B0 − μr + ωn + ωr = δn,

T12 ≡ B0 − μr + ωn − ωr = δn − 2ωr,

T13 ≡ B0 − μr − ωn + ωr = δn − 2ωn,

T14 ≡ B0 − μr − ωn − ωr = δn − 2ωn − 2ωr,

T15 = B0 + μr + ωn + ωr = δn + 2μr,

T16 ≡ B0 + μr + ωn − ωr = δn + 2μr − 2ωr,

T17 ≡ B0 + μr − ωn + ωr = δn + 2μr − 2ωn,

T18 ≡ B0 + μr − ωn − ωr = −δn + 2B0. (C1)

We next consider the term of the form B2 sin Cŝ−
j . Here,

we have

T21 ≡ B0 − μr + ωn + ωk = δ1 + (ωn + ωk) − (ω1 + ωr),

T22 ≡ B0 − μr + ωn − ωk = δ1 + (ωn − ωk) − (ω1 + ωr),

T23 ≡ B0 − μr − ωn + ωk = δ1 + (ωk − ωn) − (ω1 + ωr),

T24 ≡ B0 − μr − ωn − ωk = δ1 − (ωn + ωk) − (ω1 + ωr),

T25 ≡ B0 + μr + ωn + ωk = δ1 + 2μr + (ωn + ωk)

− (ω1 + ωr),

T26 ≡ B0 + μr + ωn − ωk = δ1 + 2μr + (ωn − ωk)

− (ω1 + ωr),

T27 ≡ B0 + μr − ωn + ωk = δ1 + 2μr + (ωk − ωn)

− (ω1 + ωr),

T28 ≡ B0 + μr − ωn − ωk = δ1 + 2μr − (ωn + ωk)

− (ω1 + ωr). (C2)

Next, we consider terms of the form A2 sin Cŝ−
j . For these

terms, we get

T31 ≡ B0 − μr + ωr + ωr = δn + ωr − ωn,

T32 ≡ B0 − μr + ωr − ωr = δn − ωr − ωn,

T33 ≡ B0 − μr − ωr + ωr = δn − ωr − ωn,

T34 ≡ B0 − μr − ωr − ωr = δn − 3ωr − ωn,

T35 ≡ B0 + μr + ωr + ωr = δn + 2μr + ωr − ωn,

T36 ≡ B0 + μr + ωr − ωr = δn + 2μr − ωr − ωn,

T37 ≡ B0 + μr − ωr + ωr = δn + 2μr − ωr − ωn,

T38 ≡ B0 + μr − ωr − ωr = δn + 2μr − 3ωr − ωn. (C3)

Now, we consider terms of the form sin Cŝ−
j . Here, the

complex exponentials are simply T41 ≡ B0 + μr and T42 ≡
B0 − μr, which respectively evaluate to δn + 2μr − ωn −
ωr and δn − ωn − ωr.

We now turn to the term of the form B cos Cŝ−
j . Here,

we have the detunings

T51 ≡ B0 − μr + ωn = δn − ωr,

T52 ≡ B0 − μr − ωn = δn − 2ωn − ωr,

T53 ≡ B0 + μr + ωn = δn + 2μr − ωr,

T54 ≡ B0 + μr − ωn = δn + 2μr − 2ωn − ωr. (C4)

Finally, we consider the term of the form A cos Cŝ−
j . Here,

we get

T61 ≡ B0 − μr + ωr = δn − ωn,

T62 ≡ B0 − μr − ωr = δn − 2ωr − ωn,

T63 ≡ B0 + μr + ωr = δn + 2μr − ωn,

T64 ≡ B0 + μr − ωr = δn + 2μr − 2ωr − ωn. (C5)

In order to estimate these expressions, we compute the
equilibrium crystal structure for cases A and B, and obtain
the drumhead mode spectrum to obtain the frequencies ωn.
In Table I, we provide the maximum and minimum values
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TABLE I. Minimum and maximum values of various reso-
nance conditions for both trapping parameters, viz. case A and
case B. The frequencies are reported in units of kilohertz.

Term Case A Case B

T11 (−524, −19) (−505, −21)
T12 (−884, −358) (−2305, −1798)
T13 (−3178, −2652) (−6849, −6343)
T14 (−3538, −3012) (−8649, −8143)
T15 (3032, 3558) (8163, 8669)
T16 (2672, 3198) (6363, 6869)
T17 (378, 904) (1818, 2325)
T18 (18, 544) (18, 525)

T21 (360, 1412) (1514, 2528)
T22 (−2294, −1242) (−4830, −3817)
T23 (−2294, −1242) (−4830, −3817)
T24 (−4948, −3896) (−11 175, −10 162)
T25 (3916, 4968) (10 182, 11 195)
T26 (1262, 2314) (3837, 4850)
T27 (1262, 2314) (3837, 4850)
T28 (−1392, −340) (−2508, −1494)

T31 (−1408, −1408) (−2524, −2524)
T32 (−1768, −1768) (−4324, −4324)
T33 (−1768, −1768) (−4324, −4324)
T34 (−2128, −2128) (−6124, −6124)
T35 (2148, 2148) (6144, 6144)
T36 (1788, 1788) (4344, 4344)
T37 (1788, 1788) (4344, 4344)
T38 (1428, 1428) (2544, 2544)

T41 (1788, 1788) (4344, 4344)
T42 (−1768, −1768) (−4324, −4324)

T51 (−704, −178) (−1405, −898)
T52 (−3358, −2832) (−7749, −7243)
T53 (2852, 3378) (7263, 7769)
T54 (198, 724) (918, 1425)

T61 (−1588, −1588) (−3424, −3424)
T62 (−1948, −1948) (−5224, −5224)
T63 (1968, 1968) (5244, 5244)
T64 (1608, 1608) (3444, 3444)

possible for each of these terms and for cases A and B.
If the maximum and minimum values are large compared
to |δ1| and have the same sign then there are no acciden-
tal resonances and the terms can be safely neglected. We
have excluded the c.m. term when evaluating the range of
T11 as this is precisely the term of interest with δ1/(2π) ≤
2 kHz. Although at first glance all of these terms appear
to be far off resonant, we explore the impact of low-order
off-resonant terms in a quantitative manner in the next
section.

APPENDIX D: ONE-CHANNEL MODEL AND
OFF-RESONANT TERMS

For simulating the one-channel model, we assumed that
δ1/(2π) = 2 kHz constitutes a large detuning based on

which the c.m. mode can be adiabatically eliminated. The
resulting interaction is fourth order in the small param-
eters A, B of the small-angle expansion, Eq. (A6). This
raises the question whether some of the other terms in
Eq. (A6), although off resonant, could potentially compete
with the effective one-channel interactions because they
are of lower order in the small parameters. In this section,
we consider the effect of terms that are zeroth and first
order in the small parameters on the effective dynamics
of the one-channel model. We also estimate off-resonant
effects that arise from the second-order term AB sin C since
some terms in this group are not very far off resonant.

1. The sin C term

This term is of the form

Ĥ4 =
∑

j

δAC

2i
(ŝ+

j e−i(μr+Bj )t + ŝ−
j e−i(μr−Bj )t) + H.c.

(D1)

Using effective Hamiltonian theory (EHT) and assuming
that Bj � μr and Bj ≈ B0 leads to

Ĥ4,eff =
∑

j

δ2
ACB0

μ2
r

ŝZj . (D2)

This term represents a small ac Stark shift that leads to
collective spin precession at a frequency of about 5 Hz for
case A and about 0.9 Hz for case B. Hence, its effect can
be considered negligible.

2. The A cos C term

This term is of the form

Ĥ6 =
∑

j

δACηxr̃j

4

(
ŝ+

j e−i[(μr+ωr+Bj )t+φj ]

+ ŝ+
j e−i[(μr−ωr+Bj )t−φj ] + ŝ−

j e−i[(μr+ωr−Bj )t+φj ]

+ ŝ−
j e−i[(μr−ωr−Bj )t−φj ]

)
+ H.c. (D3)

Using EHT leads to

Ĥ6,eff = −
∑

j

δ2
ACη2

x r̃2
j

8

[
1

μr + ωr + Bj
+ 1

μr − ωr + Bj

− 1
μr + ωr − Bj

− 1
μr − ωr − Bj

]
ŝZj . (D4)

Assuming that Bj ∼ B0 � ωr, μr, we get

Ĥ6,eff =
∑

j

δ2
ACB0η

2
x r̃2

j

4

[
1

(μr + ωr)2 + 1
(μr − ωr)2

]
ŝZj .

(D5)
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This term results in a radius-dependent ac Stark shift. We
estimate its maximal value by setting r̃j = 1, for which we
find a precession frequency of about 0.5 Hz for case A and
about 0.04 Hz for case B. These are very small compared
to the dispersion generated by the Raman beam waist and
hence we neglect these terms.

3. The B cos C term

This term is of the form

Ĥ5 =
∑

j ,n

δACηnMjn

2

(
ŝ+

j âne−i(μr+B0+ωn)t

+ ŝ+
j â†

ne−i(μr+B0−ωn)t + ŝ−
j âne−i(μr−B0+ωn)t

+ ŝ−
j â†

ne−i(μr−B0−ωn)t
)

+ H.c. (D6)

For applying EHT, we evaluate the commutators

[ŝ+
j ân, ŝ−

k â†
m] = 2â†

mânŝ
Z
j δjk + δnmŝ+

j ŝ−
k ,

[ŝ+
j â†

n, ŝ−
k âm] = 2âmâ†

nŝ
Z
j δjk − δnmŝ+

j ŝ−
k ,

[ŝ−
j ân, ŝ+

k â†
m] = −2â†

mânŝ
Z
j δjk + δnmŝ−

j ŝ+
k ,

[ŝ−
j â†

n, ŝ+
k âm] = −2âmâ†

nŝ
Z
j δjk − δnmŝ−

j ŝ+
k . (D7)

We only consider the effective role of each term in the
Eq. (D6) independently. With the assumption of ground-
state cooling, we make the replacements â†

mân → 0 and
âmâ†

n → δnm. We then have the effective Hamiltonian

Ĥ5,eff = −
∑

j

∑

n

δ2
ACη2

nM2
jn

4

[
1

μr + B0 + ωn
+ 1

μr + B0 − ωn
− 1

μr − B0 + ωn
− 1

μr − B0 − ωn

]
ŝZj

−
∑

j �=k

∑

n

δ2
ACη2

nMjnMkn

4

[
1

μr + B0 + ωn
− 1

μr + B0 − ωn
+ 1

μr − B0 + ωn
− 1

μr − B0 − ωn

]
ŝ+

j ŝ−
k . (D8)

As a first approximation, we neglect terms with μr + ωn
in the denominator since they are small compared with
terms that have μr − ωn in the denominator. Using the fact
that B0 � μr − ωn, we arrive at the approximate effective
Hamiltonian

Ĥ5,eff =
∑

j ,k

J5,jk ŝ
+
j ŝ−

k , (D9)

where the interaction matrix J5 has elements given by

J5,jk =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∑

n

δ2
ACB0η

2
nM2

jn

2(μr − ωn)2 , j = k,

∑

n

δ2
ACη2

nMjnMkn

2(μr − ωn)
, j �= k.

(D10)

The effective Hamiltonian Ĥ5,eff mediates achiral spin-
exchange-type interactions that directly compete with the
chiral spin-exchange that we wish to engineer. We study
the impact of this term numerically in Fig. 5 for case A
and case B using mean-field theory. We find that in case A
this interaction causes |�(t)| to rapidly decay toward zero
on short timescales, whereas in case B the impact of this
term is rather small. From the form of the elements in the

coupling matrix J5, a larger rotation frequency ωr increases
the denominator, i.e., makes these terms smaller and hence
their impact is smaller in case B.

4. The AB sin C term

The interaction giving rise to the two-channel model
is present in this second-order term and was discussed
previously. Here, we estimate the contribution of other
interactions present in this term since some of them are
not very far off resonant.

This term is of the form

Ĥ1 = −
∑

j ,n

δACηxr̃j ηnMjn

4i

(
ŝ+

j â†
ne−i[(μr−ωn−ωr+B0)t−φj ]

+ ŝ+
j â†

ne−i[(μr−ωn+ωr+B0)t+φj ]

+ ŝ−
j â†

ne−i[(μr−ωn−ωr−B0)t−φj ]

+ ŝ−
j â†

ne−i[(μr−ωn+ωr−B0)t+φj ]
)

+ H.c. (D11)

In writing the above equation, we have already ignored
the terms that have exponentials containing the combina-
tion μr + ωn. Following a calculation similar to the B cos C
term, we find an effective Hamiltonian given by
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(a) (b)

FIG. 5. Impact of off-resonant interactions on the one-channel model dynamics for crystals formed under two different trapping
parameters: (a) case A and (b) case B (see Appendix B 1). In both cases, we progressively add terms to the pure one-channel model
and study their impact. We add the following terms in the specified order: Chiral spin exchange by all modes (J12), antichiral spin
exchange by all modes (J11), and achiral spin exchange by all modes (J5). Here, we start from a BCS-like initial state [top panel of
Fig. 2(a)] and use the experimental parameters discussed in Appendix B. We have used B1 ≈ J , where the value of J/(2π) ≈ 405 Hz.

Ĥ1,eff =
∑

j ,k

J11,jk ŝ
+
j ŝ−

k +
∑

j ,k

J12,jk ŝ
+
j ŝ−

k , (D12)

where the interaction matrices J11, J12 have elements given by

J11,jk =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∑

n

δ2
ACη2

x r̃2
j η

2
nM2

jn

16(δn − 2B0)
, j = k,

−
∑

n

δ2
ACη2

x r̃j r̃kη
2
nMjnMkn

16

[
1

δn − 2B0
+ 1

δn − 2ωr

]
ei(φj −φk), j �= k,

J12,jk =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−
∑

n

δ2
ACη2

x r̃2
j η

2
nM2

jn

16δn
, j = k,

−
∑

n

δ2
ACη2

x r̃j r̃kη
2
nMjnMkn

16

[
1

δn − 2ωr
+ 1

δn

]
e−i(φj −φk), j �= k.

(D13)

The J12 matrix now represents the chiral spin-exchange
interactions arising from all drumhead modes. On the other
hand, the J11 matrix describes antichiral interactions medi-
ated by these modes. We estimate the impact of these terms
numerically in Fig. 5 and find that they do not significantly
impact the one-channel model dynamics in both cases A
and B.

Our study of off-resonant interactions shows that trap-
ping parameters can be found where the impact of these
terms can be neglected for realizing the one-channel
model. In the case of the two-channel model, preliminary
numerical results indicate that, even in case A, the adverse
impact of off-resonant terms on short timescales (Gt � 30)
is reduced as the c.m. mode is brought near resonance, sug-
gesting that two-channel dynamics could be probed even
with case-A trapping parameters. The pure one-channel
and pure two-channel model results presented in the main

text have been computed using the case-A equilibrium
crystal. We have checked that all the results for the case-B
equilibrium crystal are qualitatively similar to the case-A
results when off-resonant terms are neglected.

We end this section by noting that we have not exten-
sively considered the impact of cross talk between different
terms as well as the role of terms at third and higher orders
in the small parameters, because of the sheer number of
terms and their combinations. Their impact and the param-
eter regimes where they are negligible could potentially be
explored directly on the quantum simulator.

APPENDIX E: NUMERICAL METHODS

While the classification of dynamical phases is based
on a mean-field study in the thermodynamic limit, the
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finite size of our system has motivated us to con-
sider beyond-mean-field techniques for numerical solu-
tion. Here, we present the mean-field equations for the one-
channel and two-channel models, discuss how we include
the quantum noise of the initial state using the DTWA
method, and benchmark the performance of DTWA using
special crystals where the geometry allows for exact
numerical solution of the Schrödinger equation.

1. Mean-field equations of motion for one-channel and
two-channel models

In the mean-field theory for the one-channel model,
we replace the spin vector operator ŝj at each site j by
a vector of c numbers sj ≡ (sXj , sYj , sZj ). The commuta-
tion relations are replaced by Poisson brackets, {sa

j , sb
k} =

iεabcs
c
j δjk. Defining s±

j = sXj ± isYj , the dynamics under
Hamiltonian (A16) are given by

d
dt

s+
j = iKr̃2

j s
+
j +iJ r̃j s

Z
j eiφj �∗

j ,

d
dt

sZj = −J r̃j Im[s+
j e−iφj �j ],

(E1)

where �j = (2/N )
∑

k �=j r̃ks
−
k eiφk .

To obtain the mean-field equations for the two-channel
model governed by Hamiltonian (A10), we additionally
replace the annihilation operator â1 of the c.m. mode by
a complex amplitude α1. The resulting equations are

d
dt

s+
j = iB1r̃2

j s
+
j + 2G√

N
α∗

1s
Z
j r̃j eiφj ,

d
dt

sZj = − 2G√
N

r̃j Re[s+
j α1e−iφj ],

d
dt

α1 = −iδ1α1 +
√

NG
2

�, (E2)

with � = (2/N )
∑

j r̃j s
−
j eiφj .

For mean-field simulations, the above equations are
numerically evolved starting from initial conditions where
the c numbers are assigned the expectation values of the
corresponding quantum operators in the initial state.

2. Accounting for initial quantum noise

For finite-size systems, quantum corrections to the
mean-field dynamics become important. To explore their
effects, we simulate the effects of the quantum noise of
the initial state by evolving several trajectories under the
mean-field equations starting from randomly drawn ini-
tial conditions. For the spin degrees of freedom, we first
find the mean spin direction ê‖

j in the initial state. Next, we
identify two mutually orthogonal spin directions, ê⊥,1

j , ê⊥,2
j ,

in the plane perpendicular to the mean spin. The initial spin
vector can then be written as

sj = s
‖
j ê‖

j +s⊥,1
j ê⊥,1

j + s⊥,2
j ê⊥,2

j . (E3)

For mean-field simulations, we set s‖
j = 1/2, s⊥,1

j =
s⊥,2

j = 0. To go beyond mean field, we use the prescrip-
tion of the discrete truncated Wigner approximation [24],
according to which s⊥,1

j and s⊥,2
j are independently and

randomly chosen to be ±1/2 with equal probability.
In the case of the two-channel model, we additionally

draw the complex amplitude α1 from the Wigner distribu-
tion of the initial state of the c.m. mode, which we always
assume is the motional ground state in this work. There-
fore, the real and imaginary parts of α1 are independently
drawn from a Gaussian distribution with zero mean and a
variance of 1/4.

3. Benchmarking the DTWA results

In the case of a real crystal in a Penning trap, the tri-
angular lattice is only approximate and hence every ion is
typically at a slightly different radius from the trap center.
This makes an exact solution of the Schrödinger equation
subject to Hamiltonian (A16) exponentially hard. There-
fore, in order to test the reliability of the DTWA results,
we test this technique on a hypothetical ideal crystal made
of M concentric rings of ions, for which an exact numer-
ical solution to the Schrödinger equation is feasible. We
assume that the number of ions Nm in ring m = 1, . . . , M
is given by Nm = 6(m − 1) + δm,1, which roughly mimics
the lattice structure of closed-shell Penning trap crystals.
Here, the first ring m = 1 is taken to be the single ion at the
crystal center. For simplicity, we assume that the radius of
the rings rm grows linearly with ring index m with r1 = 0.

For this model, we can define total angular momentum
operators for each ring, Ĵ±

m , ĴZ
m , as

Ĵ±
m=

∑

j ∈ ring m

ŝ±
j e∓iφj , ĴZ

m =
∑

j ∈ ring m

ŝZj . (E4)

These operators are readily seen to obey the usual angular
momentum commutation relations. In terms of these oper-
ators, the one-channel model (A16) can be expressed as

Ĥeff = B1

M∑

m=1

r̃2
mĴZ

m − J
N

M∑

m,m′=1

r̃mr̃m′ Ĵ+
m Ĵ−

m′ . (E5)

For a crystal with M rings, the total number of ions is
N (M ) = 1 + 3M (M − 1). The computational complexity
is significantly reduced in the total angular momentum
picture, because, for the initial states we consider, we
only need to track the fully symmetric subspace of each
ring. Therefore, the number of basis states in each ring is
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FIG. 6. Benchmarking the DTWA method. Solid lines are
computed by numerical propagation of the Schrödinger equation,
while the dotted lines are obtained using the DTWA method.
Here, we assume that the crystal is made of perfectly concentric
rings of ions and that the spin state is initialized in a BCS-
like state [top panel of Fig. 2(a)]. Here, we have used the ratio
K/J = 1.

reduced from 2Nm to Nm + 1, thereby enabling the rapid
simulation of exact dynamics for crystals with up to M =
5 rings [N (5) = 61 ions]. Figure 6 shows the excellent
agreement of the DTWA calculation with the exact solu-
tion for crystals with M = 4 and M = 5 rings, confirming
the validity of the DTWA technique for beyond-mean-field
calculations in this work.

APPENDIX F: COMPUTATION OF WINDING
NUMBERS

In continuous 2D space, the winding number of a unit
vector field û(x, y) is defined as the surface integral

W = 1
4π

∫
dx dy û ·

(
dû
dx

× dû
dy

)
. (F1)

In the crystal, the winding number calculation must be
carried out on a lattice with discrete sites. Here, the pre-
scription is to identify triplets of neighbors by introducing
a triangulation of the crystal lattice as shown in Fig. 7 [53].
We use the Delaunay triangulation, wherein triangles are
formed between neighboring triplets in such a way that no
vertex of the crystal lies inside the circumcircle of each tri-
angle. For each triangle, we label the vertices A, B, C such
that the directed edges give rise to a face normal pointing
upward from the crystal plane, i.e.,

−→
AB × −→

BC ‖ êz. Having
identified such ordered triplets of vertices, a solid angle

ABC is introduced for each triangle, defined as

tan
(


ABC

2

)
= ûA · (ûB × ûC)

1 + ûA · ûB + ûB · ûC + ûC · ûA
. (F2)

The winding number on the discrete lattice is obtained by
summing the solid angle 
ABC over all triangles 	ABC of

FIG. 7. Demonstration of Delaunay triangulation for a crystal
with 200 ions. The triangulation is used to identify triplets of
neighbors on the discrete lattice for computing the winding num-
ber of the spin texture (Q) or that of the effective magnetic field
texture (W).

the triangulation:

W = 1
4π

∑

	ABC


ABC. (F3)

In the present work, we call the winding number Q if the
vector field is taken as the spin texture, while we label it as
W if the vector field is the effective magnetic field texture
in the frame rotating at 2μ∞.

APPENDIX G: STATE INITIALIZATION

To generate chiral BCS-like and BEC-like initial states,
we take advantage of the term of the form A cos Cŝ−

j that
is available in the small-angle expansion of the ODF inter-
action [Eq. (A6)]. This term describes a coupling of the
spins with the planar rotation without involving the drum-
head c.m. mode. We assume that the ODF lasers have a
tunable beam waist wODF. By tuning μr = B0 + ωr and
ignoring rapidly oscillating terms, the effective interaction
is given by

Ĥinit =
∑

j


j

2
(ŝ+

j e−iφj + ŝ−
j eiφj ), (G1)

where 
j = 
0r̃j e−r2
j /w2

ODF with 
0 = δAC(	kxR)/2 and
r̃j = rj /R. Hamiltonian Ĥinit describes noninteracting
spins each undergoing rotation under a local magnetic
field. Using the local axes introduced in Eqs. (15), we can
compactly write

Ĥinit =
∑

j


j ŝ
Y ′

j
j . (G2)

For the initialization, we assume that the beam waist of
the Raman beams is much larger than the crystal radius,
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i.e., w � R, so that the dispersion arising from the spatial
variation of the Raman beams can be neglected.

We now describe the initialization protocols for various
cases that we discuss in the main text.

1. BCS initialization for phases I and II

We assume that the beam waists of the ODF lasers are
much larger than the crystal radius, i.e., wODF � R. Then,
Ĥinit reduces to

Ĥinit = 
0

∑

j

r̃j ŝ
Y ′

j
j . (G3)

We initialize all spins in |↑〉Z (i.e., in the rotated spin
space) by an appropriate global π/2 pulse. Setting the
maximum pulse area 
0T = π , the outermost spins are
then rotated all the way to |↓〉Z whereas the central spin
is unaffected by virtue of the dependence of the Rabi fre-
quency on r̃j . Data shown in Figs. 2(a), 2(b), and 4 are
obtained using this initial state.

2. BEC initialization for winding number studies

We assume that wODF <
√

2R. The radial modulation of
the Rabi frequency results in a maximum Rabi frequency

max at radius rmax, which are respectively given by


max = 
0
wODF

R
√

2e
, rmax = wODF√

2
. (G4)

Therefore, for wODF <
√

2R, the maximum pulse area for
a fixed rotation time T is experienced by a spin somewhere
in the middle of the crystal. We initialize all spins in |↓〉Z .
For the winding number study, we set the maximum pulse
area 
maxT = π and use a beam waist wODF = 0.3R, which
ensures that a large number of the outer spins are negligibly
rotated. This ensures that the winding number W is reason-
ably quantized. Data shown in Fig. 3 are obtained using
this initial state.

3. BCS initialization for phase III

Preparing the initial state for phase III requires the pres-
ence of a sharp domain wall and an order parameter of
small magnitude. To obtain the domain wall, spins are first
initialized in |↓〉Z (i.e., in the unrotated spin space). An
optical pumping beam selectively excites spins in a cen-
tral region of radius rd (chosen to be rd = R/2) to |↑〉Z .
A π/2 pulse about the −Y axis then respectively converts
the central and outer regions to domains of |↑〉Z and |↓〉Z
spins (i.e., in the rotated spin space). To initialize a small
order parameter, we assume that wODF = R/2 and set the
maximum pulse area to be 
maxT = 0.1π , i.e., the spin
rotation is through rather small angles. Furthermore, since
the spins in the different domains start in opposite orien-
tations, a partial cancelation occurs that further decreases

the magnitude of the initial order parameter. Data shown
in Fig. 2(c) are obtained using this initial state.
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