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High-harmonic generation (HHG) provides short-wavelength light that is useful for precision spectroscopy
and probing ultrafast dynamics. We report efficient, phase-coherent harmonic generation up to the ninth order
(333 nm) in chirped periodically poled lithium niobate waveguides driven by phase-stable ≤12 nJ, 100 fs pulses
at 3 µm with 100 MHz repetition rate. A mid-infrared to ultraviolet-visible conversion efficiency as high as 10%
is observed, among an overall 23% conversion of the fundamental to all harmonics. We verify the coherence of the
harmonic frequency combs despite the complex highly nonlinear process. Accommodating the extreme spectral
bandwidth, numerical simulations based on a single broadband envelope equation with only quadratic nonlin-
earity give estimates for the conversion efficiency within approximately 1 order of magnitude over a wide range
of experimental parameters. From this comparison between theory and experiment, we identify a dimensionless
parameter capturing the competition between three-wave mixing and group-velocity walk-off of the harmonics
that governs the cascaded HHG physics. We also gain insights into spectral optimization via tuning the wave-
guide poling profile and pump pulse parameters. These results can inform cascaded HHG in a range of different
platforms. © 2021 Optical Society of America

https://doi.org/10.1364/JOSAB.427086

1. INTRODUCTION

When intense ultrashort-pulse lasers interact with matter,
high-order harmonics of the fundamental laser frequency can
be generated. This phenomenon of high-harmonic generation
(HHG) is observed in all forms of matter from atomic and
molecular gases [1,2], to solids [3], liquids [4,5], and dense
plasmas [6]. Understanding the physical mechanisms behind
HHG, particularly harmonics generated in the regime where the
light–matter interaction is not well described by perturbation
theory, has been a subject of intense research for the past three
decades. Furthermore, the harmonic light is now used for a vari-
ety of applications ranging from precision frequency metrology
[7–9] to femtosecond spectroscopy [10,11] and microscopy
[12,13] to attosecond spectroscopy [14,15].

While HHG in the non-perturbative regime can provide very
high-order harmonics, even extending into the extreme ultra-
violet and soft x-ray ranges [16,17], the conversion efficiency is
inherently very low compared to more conventional nonlinear
optical phenomena based on χ (n) processes [18]. Furthermore,
non-perturbative nonlinear light–matter interaction is usually

only accessed in practice with ultrashort pulses with peak powers
>100 MW, precluding applications in chip-scale photonic
devices or high-repetition-rate frequency combs. Perturbative
light–matter interactions can potentially offer an alternative
route to HHG via the cascading of many lower-order proc-
esses. As is well known for other nonlinear optical phenomena
[19,20], under the right conditions the effective strength of cas-
caded nonlinear processes can exceed direct processes by orders
of magnitude. For example, recently Couch et al . [21] reported
efficient high-harmonic generation to the vacuum ultraviolet
via cascaded χ (3) processes in Xe-filled waveguides driven with
10µJ pulses.

For applications requiring a high repetition rate, such as
frequency comb generation, pulse energy thresholds in the
nanojoule (nJ) range or lower are desired. High-order harmonic
generation in solids generally has peak intensity requirements
much lower than gases [3,22], and solid-state HHG has been
observed in a range of materials including atomically thin semi-
conductors [23], metallic nanostructures [24], and fractal-poled
crystals [25]. Previously, Hickstein et al . [26,27] reported the
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observation of high harmonics, up to the 13th order, from peri-
odically poled lithium niobate (PPLN) waveguides driven with
4.1µm, 200 fs pulses with only∼10 nJ of energy. The harmon-
ics covered the entire visible spectrum into the ultraviolet with
remarkable conversion efficiencies in the percent range. This
low pulse energy threshold can enable broadband frequency
conversion at high repetition rate, which is essential for fre-
quency comb applications. However, the previous report from
Hickstein et al . left important questions regarding the physics
of the PPLN HHG process in these waveguides unanswered,
such as whether the HHG process was due to perturbative or
non-perturbative nonlinear optics. The phase coherence of the
generated harmonics also was not determined. Coherence of the
short-wavelength waveguide emissions is not a priori obvious for
such highly nonlinear processes, as has been studied extensively
for supercontinuum generation with high soliton number [28].

In this paper, we present a comprehensive study of HHG in
PPLN waveguides. First, we report new measurements of PPLN
HHG using phase-stable 3 µm pulses at 100 MHz repetition
rate from a recently developed mid-IR frequency comb at Stony
Brook University [29]. High-brightness HHG frequency combs
are observed emerging from the waveguide covering the visible
and UV up to the lithium niobate bandgap, with generated
powers exceeding 100 mW per harmonic. Via heterodyne
detection, we explicitly verify that the frequency comb structure
is present in the high harmonics despite the highly nonlinear
HHG process. Second, we perform detailed simulations of pulse
propagation in the PPLN waveguides with χ (2) nonlinearity
using the nonlinear analytic envelope equation (NAEE) for-
malism of Conforti et al . [30,31]. The NAEE so far has been
previously applied primarily to supercontinuum generation
[32], conventional harmonic generation [30], and broadband
difference frequency generation [33,34], but only sparsely to
higher-order harmonic generation [35]. To our knowledge,
the present work is the first publication applying it to HHG in
chirped periodically poled materials and in a regime where the
highest harmonic order observed is limited only by material
absorption. Third, we compare both the new measurements
and the simulations to the previous measurements of Hickstein
et al . [26].

In addition to our technical results of high-power broadband
frequency comb generation, from this comprehensive approach
we report several more general results. First, semi-quantitative

agreement between the experiments and simulations includ-
ing only χ (2) processes, over a wide parameter range, strongly
indicates cascaded processes as the dominant HHG mecha-
nism, largely resolving the question posed by Hickstein et al .
[26]. Second, although the harmonics are generated from cas-
caded χ (2) processes, from comparison of harmonics driven
with 4.1 and 3 µm it emerges that the optical frequency of the
harmonics appears more important for determining the conver-
sion efficiency than the harmonic order. This sort of “plateau”
behavior is more typically associated with non-perturbative
harmonic generation. Third, although quasi-phase-matching
(QPM) at various locations in the waveguide is important for
generating the harmonics, very similar harmonic spectra are
observed from waveguides with quite different poling period
profiles. This quasi-universal behavior implies that although the
details of phase matching in the waveguide are important, more
important for cascaded waveguide HHG is the competition
between three-wave mixing and group-velocity walk-off of
the harmonics. Via overlaying simulation and experiment, we
identify a dimensionless parameter that captures this competi-
tion, determines the onset of cascaded HHG, and provides an
intuitive understanding of the key parameters governing the
HHG physics. These critical understandings can inform the
design of future cascaded HHG sources.

2. 3 µm EXPERIMENT

A. Light Source, Waveguides, and Detection

Using the idler output of a high-power optical parametric
amplifier (OPA) previously described in [29], we deliver phase-
stable, 100 fs pulses at 3 µm, with 100 MHz repetition rate and
up to 20 nJ of pulse energy, to the waveguide setup depicted
in Fig. 1(b). The mid-IR spectrum exiting the waveguide at
low and high power is shown in Fig. 1(a). The 3 µm pump
power at the waveguide is varied using a zero-order half-wave
plate (Edmund Optics) and a Brewster angle reflection from
an uncoated Si substrate as a broadband polarizer. The mid-IR
driver, with photon energy well below the material bandgap
of 4.0 eV, enables high peak intensities in the waveguide of
3× 1011 W/cm2 at 100 MHz repetition rate without damage.
On the other hand, near-IR driving with the OPA’s concomi-
tant signal beam at 1.6 µm results in damage at power levels
below the onset of significant HHG.

Fig. 1. Schematic of the experimental setup. (a) Mid-IR pump spectrum exiting the waveguide at different incident powers. The lower power spec-
trum is similar to the incident spectrum. (b) Waveguide and coupling apparatus consisting of ZnO:PPLN waveguides on a lithium tantalate substrate.
Here the poling period is greatly exaggerated for illustrative purposes. (c) Poling profiles of the five waveguides. (d) Harmonic light dispersed with a
prism and viewed on white paper.
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The waveguides [Fig. 1(b)] are made of lithium niobate with
7.5% ZnO doping [36] and supported on a lithium tantalate
substrate. The input and output facets are antireflective (AR)
coated for 2800–5000 nm. The doping raises both lithium
niobate’s threshold for photorefractive damage and its bandgap,
enabling higher pump peak intensities in the waveguide and
transparency for the ninth harmonic of 3 µm at 333 nm. The
pump polarization is along the extraordinary axis of the crystal
[red vertical arrow in Fig. 1(b)]. Each waveguide has the same
cross section (15× 16 µm) and length (25 mm) but unique
chirped poling profile as shown in Fig. 1(c). The span of poling
periods ensures in a single pass a range of zeroth- and higher-
order quasi-phase-matching solutions for cascaded HHG. We
test these five PPLN waveguides, three exactly as appearing
in [26], in the “forward” (decreasing poling-period direction)
and “backward” (increasing poling-period direction) to expose
possible QPM dependencies.

We couple the 3µm frequency comb light into the waveguide
using an AR-coated chalcogenide aspheric lens. The funda-
mental and harmonics exiting the waveguide are collimated
using an AR-coated fused-silica lens. The lenses and the cou-
pling setup here are improved from that of the previous work of
Hickstein et al . [26], such that harmonics appear at lower pump
pulse energies than previously reported. We measure an overall
throughput of the setup shown in Fig. 1(b) of 60% at low power,
which we assume is dominated by the input coupling, such
that in-waveguide pulse energies are calculated by multiplying
the incident power by 0.6. For the rest of the paper, we refer to
in-waveguide pulse energies with this assumption, although
comparison with theory indicates that the energy effectively
coupled into the fundamental mode of the waveguide is likely
somewhat less.

For measuring harmonic spectra in the 300–800 nm range
(H4–H9) we use a 1/3 m, Czerny–Turner monochromator
with a 1200 groove/mm diffraction grating blazed for 300 nm.
White light from the waveguide is focused at the entrance slit
of this monochromator using an uncoated fused silica lens.
Harmonics are then detected at the exit slit of the monochro-
mator by a Si photodiode (PD) (Thorlabs model FDS1010)

and a transimpedance amplifier with a typical gain 107 V/A.
To avoid PD saturation when coupled pump pulse energies
exceed 6 nJ, we record harmonics H4–H7 separately with lower
transimpedance gain. We then combine data recorded with
both gain settings to produce the curves shown in Fig. 2. We
determined the dynamic range and resolution of the setup to be
23 dB and 0.7 nm, respectively, by measuring the response to a
narrow-linewidth He–Ne laser under typical system settings.

The relative wavelength-dependent response of the
monochromator is determined by measuring the spectrum
of an independently calibrated Xe–Hg lamp. The harmonic
spectra are calibrated on an absolute scale by isolating the sixth
harmonic (500 nm) via a prism [Fig. 1(d)] and measuring its
power independently with the Si photodiode. We correct for the
harmonic power for the Fresnel reflection losses of the prism,
but not those of the waveguide output facet and collimating
lens, since the AR-coating performance at the harmonic wave-
lengths is not known. We estimate this could affect the results
for the measured conversion efficiencies at the 10%–20% level,
on average. The raw spectra are then first corrected for the
relative response determined with the Xe–Hg lamp and then
scaled such that the integrated power in the sixth-harmonic
signal measured at the monochromator exit agrees with the
power measured in the prism-isolated sixth harmonic. Once
the appropriate scale factor is determined, we observe excellent
agreement between the power measured via the prism-isolation
scheme and integrating the spectrum over a wide range of pump
powers.

The integrated power in all the harmonics (including H2
and H3, which were out of range of the monochromator) is
determined by inserting a filter that transmits all the harmonics
but the fundamental and measuring the transmitted power
on a thermal power meter. We also measure the mid-IR pump
spectrum using a Fourier transform spectrometer (ARCoptix
FTIR-Rocket). We searched for any generated infrared light
beyond 3 µm from the waveguide, due possibly to difference
frequency generation (DFG) processes [33], but no such light
was detected. However, the output mid-IR spectrum does show

Fig. 2. (a) Comparison of measured spectra for all five waveguides at 12 nJ pumping. Designation “b” for WG3 indicates that harmonics were
measured in the backward (increasing poling period) pumping direction. Qualitatively similar spectra are observed from each of the waveguides.
(b) Measured spectra at various pump pulse energies in Waveguide 5. The harmonics first appear at 1.5 nJ and saturate around 9 nJ.
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signatures of significant phase modulation of the pump pulse
[Fig. 1(a)].

B. Experimental Results

We measure harmonic emissions from all five waveguides at the
highest pump pulse energy (12 nJ). Each waveguide is tested in
the forward direction, except for Waveguide 3 in the backward
direction. Remarkably, all waveguides produce similar spectra
[Fig. 2(a)], except in some cases a suppressed sixth harmonic
at 600 THz, suggesting that while quasi-phase-matching is
indeed important [26], the overall HHG efficiency appears not
critically dependent on the precise poling profile but rather on
its span.

We further investigated the harmonics from waveguide 5
by recording spectra at pump powers ranging over an order of
magnitude [Fig. 2(b)]. While no harmonics are observed above
the detection limit of our setup at pulse energies of 1.2 nJ and
below, we observe all but H6 and H8 to appear at 1.5 nJ. The
harmonic yields then increase with pumping power until they
saturate around 9 nJ. The harmonic spectral line shapes do not
change significantly upon increasing pump power, despite the
yields ranging over 3 orders of magnitude. The narrow spikes
in the spectrum are reproducible over many scans. In all wave-
guide cases, the seventh and ninth harmonic appear displaced
to higher energy than expected from a direct multiplication
of the fundamental frequency. No harmonics are observed
above the ninth harmonic, which we attribute to strong absorp-
tion at photon energies above the lithium niobate bandgap at
967 THz [36].

We integrate the Waveguide 5 spectra at various powers
in Fig. 2(b) to determine the harmonic conversion efficiency
and plot the conversion efficiency versus both harmonic order
[Fig. 3(a)] and harmonic frequency [Fig. 3(b)]. The integrated
power in harmonics 4–9, in the UV-visible range, exceeds
10% of the pump power. The total power estimated in all har-
monics (including 2 and 3) is measured to exceed 23% of the
pump power. Also overlaid are results from the previous work
of Hickstein et al . using 4.1 µm pulses [26] for Waveguide 2
(gray dashed) and Waveguide 5 (gray solid). Interestingly, the
experiments best coincide when compared in terms of harmonic
frequency as opposed to harmonic order.

We verify the coherence of the harmonic light by a heterodyne
measurement between the sixth harmonic of the waveguide and
the second harmonic of the OPA’s 1035 nm pump comb. The
pulses are combined spatiotemporally on a Si photodiode and
a beat note is observed in the radiofrequency (RF) spectrum,
shown in Fig. 4(a) at two different pumping powers. Since
the harmonics are driven with a carrier-envelope phase stable
comb with f0 = 0, the harmonics should also have f0 = 0.
Meanwhile, the second harmonic of the OPA pump inher-
its the nonzero carrier-envelope frequency of the pump via
f0,2ω = 2 f0,pump such that the beat note appears at 2 f0,pump,
which we verified by changing the f0 of the pump comb and
observing the beat note shift appropriately. We observed this
free-running beat note to be resolution-bandwidth limited
at 100 kHz in both cases. Thus, the coherence of the driving
frequency comb is preserved despite the complex harmonic
generation process.

Fig. 3. Integrated harmonic conversion efficiencies at various
pump powers corresponding to the Waveguide 5 spectra in Fig. 2(b).
Overlaying with the 4.1 µm experiment for both Waveguide 5, for-
ward at 25 nJ (gray solid), and Waveguide 2, backward at 10 nJ (gray
dashed), suggests that correspondence is not with (a) harmonic order
but rather with (b) harmonic frequency.

Fig. 4. (a) Heterodyne beat notes (100 kHz resolution bandwidth)
between the sixth harmonic from the waveguide and second harmonic
of the Yb:fiber pump comb used in the OPA, verifying the harmonic
coherence. (b) Measured power in a 0.7 nm bandwidth at the seventh
harmonic (428 nm) over a 30 min duration, highlighting the long-
term stability of this experimental setup. Dotted points represent 10 s
measurement bins, and the solid line is their smoothed average.

Figure 4(b) displays the power in a 0.7 nm bandwidth at the
seventh harmonic (428 nm) isolated with the monochroma-
tor, sampled every 2.5 ms with 100 Hz electrical bandwidth
over a thirty-minute duration. This shows <0.1 integrated
RMS intensity noise, and more importantly long-term stability
despite the high average powers in the micrometer-scale wave-
guides. This demonstrates the usability of this platform as an
efficient source UV-vis frequency combs.

C. Theoretical Model

We model the HHG processes using a 1+ 1D approach based
on the single-mode nonlinear analytical envelope equation
(NAEE) [30,31], accounting for quadratic nonlinearity, dis-
persion, absorption, and self-steepening. To emphasize the
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important length scales for cascaded HHG, we first recast the
NAEE in the dimensionless form

∂U
∂z′
+ i LGVM D̂U

=−i sgn(z)
1

2

LGVM

L (2)NL

[
1− i

∂

∂τ ′

] [
U2e iϕ

+ 2|U |2e−iϕ] ,
(1)

where U is a dimensionless field amplitude [37] and
τ ′ ≡ω0(t − β1z) is the retarded time in a reference frame
co-moving with the group velocity of the fundamental with fre-
quency ω0. With these, ϕ = iτ ′ − i LGVM(β0 − β1ω0)z′, and

the dispersion operator D̂ is given by
∞∑

m=2

1
m!βm(−iω0

∂
∂τ ′
)m .

Periodic poling is included explicitly via the factor sgn(z)≡
sgn(cos 2π

3
z), where 3(z) is the local poling period and

z′ ≡ z/LGVM is the normalized forward propagation coor-
dinate. The relative magnitude of dispersion and nonlinearity
are expressed in terms of the length scales LGVM and L (2)NL, which
we define as

LGVM ≡ |β1,H1 − β1,H2|
−1τ0, (2)

L (2)NL ≡
n0c

ω0d33|A0|
, (3)

where n0 is the material index of refraction at the pump fre-
quency, d33 is the material nonlinear coefficient, and |A0| is the
peak field amplitude [units volts per meter (V/m)] of the driver
pulse in the medium considering the effective fundamental
mode area. The pulse duration τ0 is defined as the full width at
half-maximum of the pulse divided by 1.76 [37], and β1,H1 and
β1,H2 are the inverse of the group velocities at the fundamental
and second harmonic, respectively. Physically, LGVM is the
length scale over which two of the adjacent lower-order harmon-
ics, here represented by the fundamental and second harmonic,
walk off due to material dispersion, and L (2)NL is the characteristic
length scale over which second-harmonic generation would
be expected to saturate with perfect phase matching in the
absence of other processes [18]. Increasing the pump power in
the experiment corresponds to increasing the dimensionless
ratio R≡ LGVM/L (2)NL, and thus the relative importance of the
nonlinear source term in Eq. (1).

For determining β(ω) and the resulting βm expansion coeffi-
cients, we use a calculation including waveguide dispersion from
the COMSOL software package [38], although waveguide dis-
persion makes only a minor contribution. From this β(ω), we
calculate LGVM = 0.97 mm for the 3µm pump, whereas for the
4.1 µm pump, LGVM = 0.50 mm due to the dispersion profile
of lithium niobate, summarized in Table 1. Over the range of
our (measured) pump powers, using d33 = 19.6 pm/V [33,39]
and an effective area for the fundamental waveguide mode of
108 µm2, we estimate using the experimental parameters that
L (2)NL ranges from∼0.25 mm down to 85 µm, approaching the
scale of the waveguide poling period. In the simulations, we
include absorption at ultraviolet frequencies above 967 THz
and infrared frequencies below 60 THz, via error functions in
the frequency-domain representation of the dispersion operator.

Table 1. Calculated Walk-Off Lengths LGVM (mm) of All
Harmonic Pairs for Both 3 µm (Upper-Right
Off-Diagonal) and 4.1 µm (Lower-Left Off-Diagonal)
Pumps

a

Hq H1 H2 H3 H4 H5 H6 H7 H8 H9 H10 H11

H1 ∞ 0.97 0.93 0.21 0.10 0.06 0.03 0.02 0.01
H2 0.50 ∞ 0.47 0.17 0.09 0.05 0.03 0.02 0.01
H3 0.56 4.08 ∞ 0.27 0.11 0.06 0.04 0.02 0.01
H4 1.05 0.93 1.21 ∞ 0.18 0.08 0.04 0.02 0.02
H5 3.28 0.43 0.48 0.80 ∞ 0.13 0.05 0.03 0.02
H6 0.50 0.25 0.26 0.34 0.59 ∞ 0.09 0.04 0.02
H7 0.24 0.16 0.17 0.19 0.25 0.45 ∞ 0.06 0.02
H8 0.14 0.11 0.11 0.12 0.15 0.12 0.33 ∞ 0.04
H9 0.09 0.08 0.08 0.08 0.09 0.11 0.15 0.27 ∞
H10 0.06 0.06 0.06 0.06 0.06 0.07 0.09 0.12 0.20 ∞
H11 0.05 0.04 0.04 0.04 0.05 0.05 0.06 0.07 0.10 0.15 ∞

aWhile usually more spectrally disparate harmonic pairs suffer more from
walk-off, in some cases the material dispersion profile actually leads to more
closely matched group velocities, notably for pairs (H1,H3) and (H1,H5) for
the bluer and redder pumps, respectively.

We solve Eq. (1) using the embedded Runge–Kutta algorithm
described in [40]. The step size is determined by controlling the
fractional error in each harmonic to a level of <0.1. This high
accuracy tolerance results in typical step sizes less than 0.1 µm.
Furthermore, a large time grid and a high sampling rate are
required to accurately represent the harmonics, which spread
over ranges of ∼100 ps and ∼ 1000 THz simultaneously. This
necessitates a time/frequency grid size of 218 points, with a
resulting computational cost for a single waveguide propagation
of approximately 160 CPU core hours.

Example output spectra for both 3 and 4.1 µm pumping are
shown in Fig. 5. The model reproduces the relatively smooth
measured spectra and achieves reasonable agreement with
both experiments for the relative magnitude of the harmonics.
Similar agreement is observed for different waveguides and
pump powers. In Fig. 6, we compare the conversion efficiency
of the model with experimental data for both 3 µm pumping
Waveguide 5 in the forward direction [Fig. 6(a)] and 4.1 µm
pumping Waveguide 2 in the backward direction [Fig. 6(b)].
In matching theory with experiment, the only free parameter
used is the relative scaling between the experimental pump
power axis and the values ofR used in the simulations, such that
the simulations are effectively performed with a pump pulse
energy 3.8 (1.6) times lower those estimated for the 3 (4.1) µm
experiments. We note that such adjustments are common when
comparing simulation and experiment in waveguide nonlinear
optics [21,33,41]. Viewed another way, to the extent that the
1 + 1D simulation captures the physics of the HHG process,
overlaying the simulation results with experiments this way
finds the parameters (i.e., power coupled into the waveguide
fundamental mode) with which the experiments are actually
done. Once this adjustment is made, experiment and theory
agree within approximately 1 order of magnitude over a wide
range of parameters.

Before saturation, naively one might expect the q th harmonic
power for a process based on perturbative nonlinear optics
to scale as the pump power to the q th power. However, as in
Hickstein et al . [26], even in the threshold regime (i.e., before
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Fig. 5. (a) Overlay of simulated output spectrum (thin black line) and input pump spectrum (thin yellow line) having R= LGVM/L (2)NL = 5.74
with experimental data (thick blue line) for 3µm, 12 nJ pumping in Waveguide 5, forward. (b) Idem for 4.1µm pumping in Waveguide 2, backward
withR= 1.57 and 5 nJ experimental pulse energy. Experimental data in (b) is from the study first reported in [26].

Fig. 6. Harmonic power scaling in terms of both the simulated R≡ LGVM/L (2)NL (bottom axes, lines) and experimental pump-pulse energy (top
axes, dots) for (a) 3 µm, Waveguide 5, forward, and for (b) 4.1 µm, Waveguide 2, backward, with 4.1 µm experimental data from [26]. Both experi-
ments show saturation of harmonics atR≈ 3.

saturation) we find the harmonic power grows much more

slowly than (Epulse)
q or conversion efficiency that grows as

(Epulse)
q−1. We find instead that power-law fits to the efficiency

data in Fig. 6 give (Epulse)
b with exponents in the range b = 0.5

to 6 and b < q − 1 always. These slopes on the log-log plot are

reproduced reasonably well by the simulations, particularly

for the 4.1 µm experiment, which recorded more data in the
threshold regime.

We find that the high-order harmonics in the visible spectral
range begin to reach saturation for both 3 and 4.1 µm pump-
ing around R≈ 3. This has an intuitive interpretation. Since
the mixing of many harmonics is required to achieve cascaded
HHG, three-wave mixing must be saturated several times over
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before group-velocity mismatch separates the participating
harmonics. The near-universal shape of the saturated HHG
spectra of Fig. 2(a) and robustness of this R≈ 3 result across
different waveguides, poling period chirp directions, and pump
pulse center wavelengths, suggests it to be a generally applicable
metric for evaluating cascaded HHG physics.

D. Harmonic Pathways and Quasi-Phase-Matching

Unlike the experiment, which measures only the output of a
waveguide, the simulation provides information about the
optical fields at all points along the waveguide (Fig. 7). By
monitoring each harmonic throughout propagation in either
waveguide direction, we can uncover QPM dependencies and
correlate a harmonic’s evolving position and growth with that
of other harmonics, and therefore attempt to assign generation
pathways based on specific sum-frequency generation (SFG)
or difference-frequency generation (DFG) processes. The
efficient generation of any harmonic by a given SFG or DFG
process is essentially a threefold-constrained problem: (1) the
process must be phase matched at some poling period of the
waveguide [Fig. 7(a)]; (2) the participating fields must already
exist with sufficient power for efficient nonlinear interaction
(i.e., after generation or before consumption by some other
process) [Figs. 7(b) and 7(c)]; and (3) the interacting fields must
be temporally overlapped at the locations where (1) and (2) are
satisfied prior to walk-off [Figs. 7(e)–7(g)].

Such a collision of circumstances in this 3D parameter space
would at first seem unlikely, but the large number of simul-
taneous constraints is compensated by the large number of
possibilities to satisfy them. First there are higher orders of
the quasi-phase-matching conditions, such that a three-wave
mixing process is not only satisfied at1k = 2π/3 but also any
multiple m(2π/3), where m is an odd integer. Viewed in real
space, a process can be quasi-phase-matched using subharmon-
ics of the poling period 3/m as illustrated in Fig. 7(a). Second
is the fact that there are many possible three-wave mixing path-
ways to generate a particular harmonic. This large number of
possibilities makes a global analysis of the impact of the periodic
poling profiles difficult.

We present here a case study of harmonic 6 in Waveguide 5,
pumped by 3µm light in both the forward and backward direc-
tions. The SFG and DFG processes that can generate harmonic
6 are

H6= H1+ H5 H6= H9− H3
H6= H2+ H4 H6= H8− H2
H6= H3+ H3 H6= H7− H1.

Positions where these processes are phase matched occur
throughout the waveguide and are shown in Fig. 7(b). In gen-
eral, we find both SFG and DFG processes to be important
in cascaded HHG as also concluded by Park et al . [25] for the
case of fractal poling. However, first SFG must build those
higher-order harmonics, which later combine via DFG to
generate lower-order harmonics. For this reason, the direction
of the waveguide matters, affecting whether first primarily the
lower-harmonic (longer poling periods) or high-harmonic
(shorter poling period) processes are phase matched. Depicted
here in Figs. 7(b) and 7(c), pumping Waveguide 5 in either

Fig. 7. (a) Higher-order poling periods of Waveguide 5 (black)
intersected by the phase-matching solutions (horizontal colored) of
SFG/DFG processes generating the sixth harmonic of 3 µm. (b),
(c) Harmonic evolution throughout propagation in the forward and
backward pumping direction for the same R as Fig. 5(a), overlaid
with the phase-matched locations of SFG (blue dashed) and DFG (red
dashed) processes generating H6 (thick blue line). While the QPM
direction indeed alters each harmonic’s growth history, ultimately their
conversion efficiencies are similar, further highlighted in (d) by the
forward (blue) and backward (orange) output spectra. (e)–(g) Time-
frequency spectrograms corresponding to (b) at three waveguide
locations, showing the dispersion of generated harmonics and their
temporal overlap throughout propagation.

the forward or backward direction initiates a different growth
history for each harmonic. For instance, whereas in the forward
direction H2 is immediately generated and offers an intense
partner for SFG and DFG processes throughout the length
of the waveguide, in the backward direction it builds up more
slowly. Ultimately, however, in either pumping direction, by the
end of the waveguide the conversion efficiency to any harmonic
is similar [Fig. 7(d)]. At least one of the aforementioned 3D
collisions happens in both directions.

In this presented case study and in most cases, we find that
most HHG occurs [Figs. 7(b) and 7(c)] in waveguide regions
where a large number of processes can be phase matched within
a distance shorter than LGVM. This can be further aided by
chirping the poling period more rapidly. Also, after sufficient
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propagation, harmonic powers may saturate or exchange, indi-
cating that truncating the waveguide length can be useful to
achieve a desired output spectrum.

E. Discussion

While the agreement level between the 1 + 1D theory and
experiment presented here is sufficient to identify cascaded
χ (2) processes as the dominant mechanism for HHG in the
waveguides, significant discrepancies remain. We briefly discuss
avenues to improve the model.

Considering the modest ∼ 100 kW peak pump powers, we
may dismiss self-focusing effects. Furthermore, although sig-
nificant self-phase modulation is observed on the fundamental
[Fig. 1(a)], we found inclusion of a Kerr-effect term in Eq. (1),
in similar fashion to [33], to produce negligible effects on the
HHG.

For the 3 µm wavelength, the waveguide supports three
modes, with the number of supported modes for the harmonics
scaling as q 2. A more sophisticated model would include mul-
timode effects [32,42]. The launched fundamental may couple
to multiple modes, and also harmonics generated by the funda-
mental can populate multiple modes. The impact of including
higher-order modes in the model is unclear. On the one hand,
we estimate the extra phase mismatch due to waveguide disper-
sion in the higher-order modes to be negligible, meaning that
light in higher-order modes can readily mix with fundamental
modes and produce interference. On the other, we also estimate
the nonlinear coupling between modes to be weak. We calculate
overlap integrals of the form

∫
E i,00 E j ,00 E i+ j ,nmdxdy for

normalized field amplitudes of i, j th-harmonic order mixing
in the fundamental (00) mode to sum-frequency generate the
i + j th harmonic in the nmth mode. For example, for the
SFG process i, j = 1, 2 we find the overlap to be greater than
0.96, suggesting that the single-mode envelope Eq. (1) should
capture most of the wave-mixing physics. While the harmonics
appeared (visibly) to emerge in a TEM00-like beam, the amount
of fundamental light launched into higher-order waveguide
modes is not known, and this could have a significant impact
on modeling. Also interference between light in different
waveguide modes could help explain the sharp features of the
harmonic spectra.

Another factor to consider in improving the model is the
dispersion of the nonlinear susceptibility, which is neglected
here where we treatχ (2) as a constant, independent of frequency.
Over the range of our harmonic spectra, dispersion of χ (2)

may be significant, particularly for the mixing of higher-order
ultraviolet harmonics where χ (2) is enhanced by as much as a
factor of 3 [39,43]. DFG processes involving the higher orders
are relevant for the HHG process, and we suspect including the
frequency dependence of χ (2), via a time-dependent nonlinear
response function [37], could make a significant improvement
in the results.

3. CONCLUSION

In this paper, we report efficient high-order harmonic gen-
eration from chirped periodically poled lithium niobate
waveguides driven with 3 µm pulses with up to 12 nJ of pump

pulse energy at 100 MHz. High-brightness HHG frequency
combs are observed emerging from the waveguide covering
the visible and UV up to the lithium niobate bandgap, with
generated powers greater than 100 mW/harmonic. Importantly,
we verify that the harmonic emissions in cascaded HHG inherit
the coherence properties of the driving frequency comb despite
the highly nonlinear process.

Semi-quantitative agreement with simulations identifies
cascaded HHG as the dominant generation mechanism.
Furthermore, comparison with simulations points to a critical
dimensionless parameter R≡ LGVM/L (2)NL that determines the
turn-on and saturation of the cascaded HHG process. With
these understandings, future work may explore more sophisti-
cated schemes for enhanced conversion efficiencies and tailored
harmonic spectra via optimization of the waveguide poling
period and pump pulse parameters. For example, algorithms
such as those in [44–46] for systematically optimizing the QPM
structure may possibly be adapted to HHG. Also, nonlinear
temporal compression of the pump pulse within the waveguide
can be significant, suggesting that the input pulse chirp may be
tuned to position this enhancement at certain poling locations.
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