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Abstract 

This paper repor ts  the development o f  a program 
t o  der ive a f i r s t  order cor rec t ion  t o  i n i t i a l  
estimates o f  loca l  coordinates and loca l  c lock 
b ias from GPS t ime using a s ing le channel GPS 
receiver  o f  the C/A code. The program measures 
sequent ia l ly  the l o c a l  minus GPS time v i a  four  
d i f f e r e n t  s a t e l l i t e s  based on an i n i t i a l  e s t i  
mate o f  loca l  coordinates. Then using these 
measurements along w i t h  known locat ions o f  the 
s a t e l l i t e s  the f i r s t  order correct ions t o  the X, 
Y, and 2 coordinates and the loca l  t ime b ias 
from GPS time are obtained. With reasonable 
geometry the f i r s t  order cor rec t ion  i s  theore t i -  
c a l l y  good to one meter i f  the  i n i t i a l  estimate 
o f  coordinates i s  w i t h i n  3 km o f  the  cor rec t  
values. Over a very shor t  15 m baseline we found 
a 2.7 m d i f f e r e n t i a l  p o s i t i o n  l o c a t i o n  er ro r .  
Over a long basel ine using a poor geometric 
sa te l  1 i t e  conf igurat ion the d i  f f e r e n t i  a1 navi - 
gat ion  so lu t ion  was apparently w i t h i n  20 m o f  the  
t r u e  values. Absolute p o s i t i o n  loca t ion  re la -  
t i v e  t o  a f i r s t  order survey p o i n t  was o f f  by 
on ly  7.2 8 ,  and t h i s  wi thout  inc lud ing iono- 
spheric correct ions t o  transmission delays t o  
the  sa te l  1 i tes. 

Program 

The purpose o f  t h i s '  program i s  t o  provide 
coordinates as support f o r  GPS common view t ime 
t ransfer .  Thus, d i f f e r e n t i a l  p o s i t i o n  locat ion,  
i.e., r e l a t i v e  pos i t ion ing,  i s  more important 
than absolute p o s i t i o n  locat ion.  Local coordi- 
nates should be known t o  3 km and we want t o  
solve accurate t o  5 m. So, i n  our so lu t ion  we do 
only  a s ing le  f i r s t  order correct ion.  We do no t  
i t e r a t e .  I n  so lv ing f o r  p o s i t i o n  we solve f o r  
both spat ia l  coordinates and t i m e  bias. Thus, 
t h e  navigation program can i t s e l f  be used f o r  
t ime t rans fer .  
The program uses measurements, v i a  four  

d i f f e r e n t  s a t e l l i t e s ,  o f  the l o c a l  c lock b ias 
from the GPS t ime scale to der ive a f i r s t  order 
cor rec t ion  t o  l o c a l  coordinates and mean c lock 
b ias.  Measurements are made sequent ia l ly  on the 
four  s a t e l l i t e s .  These four  values are used to 
solve t o  f i r s t  order f o r  the user's space-time 
p o s i t i o n  as discussed i n  the appendix. The 
f i r s t  order cor rec t ion  i t s e l f  i s  accurate t o  lm 
i f  the i n i t i a l  estimate i s  w i t h i n  3 km. 
A f t e r  the  f i r s t  so lu t ion  f o r  p o s i t i o n  

locat ion,  l o c a l  minus GPS measurements can s t i l l  
be continued. A f t e r  each measurement another 
f i r s t  order cor rec t ion  i s  appl ied t o  the same 
i n i t i a l  p o s i t i o n  estimate using the  four  most 
recent t i n e  b ias measurements. This can be 
continued as long as the  four  s a t e l l i t e s  are up. 

These are no t  e n t i r e l y  independent i n  t h a t  each 
aeasurement i s  used i n  four  solut ions. 

Results 

The most important r e s u l t s  are i n  terms o f  
the  accuracy f o r  d i f f e r e n t i a l  navigation. The 
nav igat ion program was run dur ing d i f f e r e n t  
periods f o r  two d i f f e r e n t  antenna locat ions o f  
15.6m apart. Each so lu t ion  was run using the 
same s a t e l l i t e  during about the same geometric 
conf igurat ions each n ight .  The GDOP f o r  t h i s  
data was never more than 3.0 .  The data using 
t h e  f i r s t  antenna loca t ion  i s  from 6 separate 
days i n  a 16 day period. For the second loca- 
t i o n  we have data from 10 separate days i n  a 30 
day period. The overa l l  RMS o f  the  data f o r  the 
f i r s t  loca t ion  i s  3.5 R. For the  second loca t ion  
t h e  overa l l  RMS o f  the data i s  6.3 m. The d is -  
tance between the two locat ions from the naviga- 
t i o n  so lu t ion  i s  18.5 m. This d i f f e r s  from the 
measured distance o f  15.8 m by 2.7 m. 

D i f f e r e n t i a l  navigation was done on a 
longer basel ine o f  the order o f  1500 km, from NBS 
i n  Boulder, Colorado t o  a t rack ing  s t a t i o n  o f  
JPL a t  Goldstone, Cal i forn ia .  It was not  possi- 
b l e  t o  do simultaneous navigation a t  the d i s t a n t  
locat ions using four  s a t e l l i t e s  i n  a good geome- 
t r i c  configuration. Also we d i d  not  have a 
consis tent  coordinate system t o  compare against 
a t  both locations. I n  terms o f  absolute posi- 
t i o n  loca t ion  the  values found were poor; a 
r e s u l t  o f  GDOPs from 10 t o  over 100. The peak 
to peak v a r i a t i o n  i n  loca t ion  values vary over 
200 m. But the RMS o f  the d i f f e r e n t i a l  values 
was only 22.66 m. The r e s u l t s  were checked by 
viewing l o c a l  c lock minus GPS t i n e  measurements 
o f  both locat ions f o r  a v a r i e t y  of s a t e l l i t e  
e levat ions and azimuths t o  see if t h e  measured 
c lock  bias, based on' the  p o s i t i o n  given by 
d i f f e r e n t i a l  navigation, depended on s a t e l l i t e  
pos i t ion .  This analysis v e r i f i e d  t h a t  the  d i f -  
f e r e n t i a l  so lu t ion  was accurate t o  about 20 m. 
The f i g u r e  shows graphs o f  the l a s t  three d i g i t s  
o f  the X, Y, and Z coordinate values versus 
s o l u t i o n  number f o r  the  Boulder and Goldstone 
receivers from 18 solut ions performed simultan- 
eously a t  the  two locat ions over a 36 minute 
period. The v a r i a t i o n  i n  he ight  o f  the graphs 
w i t h  so lu t ion  number shows the e f f e c t  o f  a poor 
GWP. Thus the  actual values given f o r  the 
coordinates from the navigation so lut ions are 
poor. The c o r r e l a t i o n  between the  values given 
f o r  Boulder and Goldstone f o r  the X, V,  and Z 
coordinates suggests the accuracy o f  the  d i f f e r -  
e n t i a l  navigation between the  two p o s i t i o n  
solut ions, whose RMS was 22.66 n. 
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Figure: 

The last three digits of 
coordinate values from 
consecutive navigation 
solutions done simulta- 
neously at Boulder, 
Colorado and Goldstone, 
California. Absolute 
position location varies 
greatly, due to poor sat- 
ellite geometry, but diff- 
erential positioning is 
more highly correlated. 

solution nrrmber 
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The accuracy o f  the navigat ion so lu t i on  fo r  
absolute pos i t i on  l oca t i on  i s  hard t o  determine 
so far since we have used no correct ions fo r  the 
ionosphere yet.  These w i l l  be included i n  the 
next version t o  appear about January 1983. Fo r  
now we can say t h a t  the coordinates from the 
f i r s t  order survey f o r  Boulder d i f f e r  from the 
wan o f  the 10 solut ions by: 

Survey-Solution RMS f o r  solut ions 

X +0.4 m 
Y 4 1 6  m 
2 -2.4 m 

2.2 m 
4.2 m 
4.1 m 

These resu l t s  ind ica te  t h a t  the e r r o r  i s  l a rge l y  
down from the zenith, as we would expect due t o  
ionospheric e f fec ts .  I n  any case, the so lu t i on  
i s  w i th in  10 m o f  the  f i r s t  order survey po in t .  

Appendix: The Accuracy o f  the F i r s t  Order Cor- 
rect  ion  

The navigat ion so lu t i on  i t s e l f  has also been 
derived elsewhere.(l) The basic equation i s  the 
simple r e l a t  on t h a t  ift# i s  user 's p o s i t i o n  
vector, and 4 i s  the  i- s t e l l i t e ' s  p o s i t i o n  
vector then thk range vector ii s a t i s f i e s  

- 

(1) iti = fi - 1. 
We as une 3 .  i s  co r rec t  and known 
f i n d  # giveh an i n i t i a l  est imate 3' = 2 + A f  
Using t h i s  we estimate the range vector: 

and t r y  

= 3, - 3' = Si - 1 - AA. 

I f  we w r i t e  dli = bi + di, so A$ i s  the range 
er ro r  vector, then 

Ri + Adi = 3, - 3 A3 . 
I f  we subtract  equation (1) from t h i s  we have 

Abi = -A I  . 
So Ai$ i s  independent o f  i and we may omit the  
index. We therefore have 

(2) d =  -d . 
We assume the  s a t e l l i t e  c lock  cor rec t ion  i s  

exact. So, when we measure the  t ime i n t e r v a l  
from the l oca l  c lock 1 pps t o  the received 1 pps 
we measure exac t ly  the  transmission t ime o f  the 
s ignal  p lus  the  l oca l  c lock bias.  With our 
t h i r d  and f i n a l  assumption t h a t  the propagation 
ve loc i t y  o f  the s ignal  i s  known, we have t h a t  
our measurement i s  exac t ly  the range scalar t o  
the s a t e l l i t e ,  pi, p lus  the l oca l  c lock  bias b. 
Thus we measure: 

ai = pi + b. 

I n  the  solut ion,  we co r rec t  our measurement by 
computing the s lan t  range based on our estimated 
coordinates, and est imat ing our c lock bias. We 
have estimates: 
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P ' i  = P i  + & p i  

b ' = b + A b .  

Then the number we ac tua l l y  use i n  the naviga- 
t i o n  so lu t i on  i s  

x' solve f o r  AI and Ab by so lv ing  for 
A k - A  t o  f i r s t  order. We do t h i s  as fo l lows. 
Define the two u n i t  vectors i n  the  d i rec t ions  o f  
the  t r u e  and estimated range vectors: 

ei = di/pi el i  = t ' , /pl i  . 
so eai 2li = pti 

Now 
t ime the  cobine hf the angle, ei, between iii 
and ii: 

e' . * 8 .  equals the magnitude o f  

el i  - bi = pi cos(ei). 

Subs t i t u t i ng  i n  (4) we f i n d  

Our approximation i s  
e2 - +...= 1. cos(ei) = 1 - 

We use 

el i  AI = 

Since our corrected measurement i s  o f  the form 
(3) mlI = - ~ p ~  - Ab 

we use 

Equation (5) consists o f  the  corrected neasure- 

3 aAd d on the l e f t  hand side and the u n i t  
vector e l .  on the l e f t  han side based on the 

user pos i t ion ,  3 . We have'one such equation 
f o r  each o f  four  d i f f e r e n t  s a t e l l i t e s .  We may 
w r i t e  these four  i n  mat r ix  form 

n t  m' , on the r i g h t  hand side, the unknowns, 

known s a t a l l i t e  Tosi t ion,  s ., and the estimated 

A g t = = l  

where: 



We then solve 

- AX = A - l  & 

How good i s  t h i s ?  The exact so lu t ion  i s  

= A - l  -A ' l  

pl(i-cos(el)) 
p2(1-cos(e2)) - E = p3(i-cos(e3)) 
P ~ ( ~ - c o s ( ~ ~ ) )  . I 

So the  er fp r  depends on A - l  and cos e.. The 
rows o f  A form row vectors whose maghitudes 
equal the geometric d i l u t i o n  o f  p rec is ion  fac to r  
(GDOP); the top row g i v ing  the KDOP, the  second 
g i v i n g  the  YDOP, the t h i r d  g i v ing  the ZDOP and 
the  l a s t  the TDOP.( l )  The d i l u t i o n  o f  p rec is ion  
(DOP) fac to rs  are the  amounts by which e r ro rs  i n  
s a t e l l i t e  ephemerides and clocks are magnif ied 
i n  the so lu t ion  f o r  the user 's X, Y, 2 ,  and T 
due t o  the geometric conf igura t ion  o f  the satel-  
l i t e s  r e l a t i v e  t o  t h e - y e r .  Thus we can ge t  an 
idea o f  the s ize  o f  A by using GDOP - p.(1- 
cos(e.)). The range +o. a s a t e l l i t e ,  pi? 13 o f  
t he  okder o f  2 
l a rges t  when d and k: are perpendiculab 

. The angle 8. i s  the 

Then a 
Ri 

i 
U 

AX 

2 4  
sin(ei) = "MI' - , cos(ei) =(i-$I~$ . 

l l R .  11 l l R .  11 
Using the bihominal theorem, which' i s  accurate 

t o  f i r s t  order since 

We see the s ize  o f  the  e r r o r  i s  about 

(6) e r r o r  = -7*1~11 GWP 2 
(meters) 4.10 

an e r r o r  under 1 meter, then, we need 

1 = +Ax112 
10 

o r  Ibll; 3.2 l o 3  m . 
Thus t o  ge t  an e r r o r  o f  1 meter w i t h  a reason- 
able geometry f o r  the s a t e l l i t e s  we need t o  be 
w i t h i n  3 km for the i n i t i a l  estimate. 

Some small dev ia t ion  from t h i s  analysis 
a l so  r e s u l t s  from the lack  o f  accuracy o f  our 
assumptions. We have assumed the sate1 1 i t e  
p o s i t i o n  data and clock cor rec t ion  are exact as 
t ransmit ted,  and t h a t  the exact propagation 
v e l o c i t y  from the  s a t e l l i t e  i s  known. Errors i n  
s a t e l l i t e  ephemeris and clock bias w i l l  be 
introduced due t o  l i m i t a t i o n s  i n  the GPS control 
segment. The use o f  propagation ve loc i t y  t o  
convert  a t ime measurement t o  a pseudo-range 
measurement i s  1 i m i  t ed  by the  correctness o f  
ionospheric and tropospheric models. I n  tha t  we 
a re  concerned mainly about comon view o f  satel- 
l i t e s  much of these e r ro rs  w i l l  cancel as dis- 
cussed elsewhere. (2) 
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